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ABSTRACT
Characterization of plasma dynamics is critical for controlling electric propulsion systems on spacecraft. Understanding the causal 
relations between measurement data can play an important role both in minimizing the number of diagnostics and in informing which 
dynamic information needs to be accounted for in a computational model. In this paper, we apply extended convergent cross mapping 
(eCCM) to three measured telemetry signals—cathode current, discharge voltage, and cathode-to-ground voltage—collected from a 
krypton-fed magnetically shielded Hall-effect thruster with base operating pressures of 6.8 and 8.5 μTorr at the 4.5 and 6 kW power levels, 
respectively. Data were also collected at elevated pressures, two to three times the base operating pressure. We discuss the sensitivity of the 
cross-mapping skill to the embedding parameters and background pressure in the vacuum chamber. We propose eCCM as a framework 
for characterizing dynamic relationships in the Hall-effect thruster circuit, guiding the selection of signals and the prioritization of 
dynamic measurements in subsequent physics-based modeling and diagnostic efforts. The results show that cross-mapping skill decreases 
across nearly all signal pairs for both power levels, indicating a reduction in mutual dynamic information between electrical circuit compo
nents as background pressure increases. The analysis suggests that the discharge plasma is coupled to other unmeasured components in 
the system as the facility pressure varies.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license 
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0325466

I. INTRODUCTION
Hall-effect thrusters (HETs) are considered one of the primary 

electric propulsion (EP) devices of choice for many satellites, 
selected for use in low Earth orbit commercial constellations and 
for discovery-class deep-space missions.1 Despite their growing use, 
fundamental gaps in understanding physical phenomena still limit 
our ability to deploy predictive codes as design tools or to predict 
on-orbit performance.2 One major challenge for on-orbit perfor
mance prediction is the need to test the devices in ground facilities 
under conditions that differ from those in space. These differences 
take the form of a finite background pressure in vacuum chambers, 
orders of magnitude higher than on-orbit conditions;3–6 electrically 

conductive walls that intercept the thruster plasma plume;7–9 and 
significant deposition of vacuum wall material onto thruster compo
nents due to sputtering of the facility walls.10–12 Attempts to address 
the effect of facility pressure on thruster operation often rely on 
parametric sweeps of background pressures across a range of achiev
able pressures in ground-test facilities.3–6 However, the HET dis
charge is a highly nonlinear process, and it remains unclear whether 
these trends accurately capture the information needed to predict 
on-orbit operation. Furthermore, these studies often evaluate steady- 
state performance or measurements, despite observations that key 
model parameters, such as anomalous electron mobility, may be 
time-dependent.13,14 Apart from elevated chamber pressure, these 
facility studies are further complicated by the effects that the 
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conductive walls of vacuum chambers can have on thruster 
operation.7–9 To address uncertainties arising from testing these 
devices in imperfect ground facilities with dynamically varying, non- 
linear model parameters, data-driven state-estimation approaches that 
use test data to inform key model parameters have been explored to 
capture thruster-specific behavior.14–16 However, these data-driven 
models that capture dynamic behavior require relevant dynamic data 
to most effectively reduce uncertainty in parameter estimation. 
Determining which time-varying signal or signals are most relevant 
is crucial for improving model fidelity and performance.

Time-resolved measurements of direct plasma properties, 
such as species density, electron energy distribution, ion and 
neutral velocity distributions, and plasma potential, are ideal as 
inputs for data-driven models. However, measuring these proper
ties directly in the spatial or temporal scales of interest is difficult 
and not readily scalable. Even when time-resolved measurements 
can be made, determining whether the dynamics exhibited in one 
property or spatial location are dynamically relevant to the 
thruster behavior or specific model physics can remain elusive. 
Therefore, selecting accessible time-resolved measurement datasets 
that maximize information gained in data-driven thruster models 
requires additional scrutiny to ensure that the signal is dynami
cally relevant to the system and can be incorporated into the 
model. Although models can include several streams of measure
ment data, it is just as critical to avoid irrelevant signals that have 
no bearing on the device’s operation.

To aid in selecting which signals to include in data-driven 
and physics-based modeling frameworks, we deploy a dynamic 
causality-determination technique, extended convergent cross 
mapping (eCCM).17 This technique can be used to infer causal 
relationships between dynamic signals, providing context for 
selecting data streams. This, in turn, can be used to exclude spe
cific signals or adjust models to account for the most relevant 
sensor signals. Signals with strong causal links will provide more 
unique information, thereby improving uncertainty reduction in 
key model parameters. These time-varying signals can be either 
high-speed diagnostic measurements or periodic measurements 
when multi-modal data-driven frameworks are used.16 When eval
uating accessibility and scalability, the telemetry signals, such as 
discharge voltage and current measurements, are among the top 
candidates. These signals are readily accessible, relevant to the 
entire thruster system (e.g., discharge, cathode, and near-field), 
and can be monitored non-invasively. Previous data-driven frame
works have used applied power and discharge currents for data- 
driven models that relate bulk plasma parameters to input power 
or current.14,16,18 Adapting these models to include additional 
signals, such as discharge voltage, cathode-to-ground voltage, the 
potential of floating mounting structures, thruster-body potentials, 
or other accessible circuit elements, may better capture state evolu
tion if shown to have a strong causal relationship. The focus of this 
work is the continued development and application of the eCCM 
framework as a tool for characterizing dynamic systems, such as the 
Hall-effect thruster discharge, with the goal of identifying key 
dynamic relationships to inform future modeling and measurement 
campaigns. We do not seek to extract physics-based conclusions 
about the discharge directly from the three telemetry signals consid
ered here; doing so rigorously would require co-measured dynamic 

plasma property data or coupling to a physics-based model, both of 
which are left to future work. Instead, we use eCCM to quantify 
which signal pairs carry unique, causally coupled dynamic informa
tion under varying facility conditions, and to evaluate how that 
information evolves with background pressure.

In considering the use of dynamic signals of interest, it is crit
ical to understand what dynamic information the measurements 
capture. Hall-effect thruster discharges exhibit a plethora of oscil
lations and instabilities across a wide range of spatial and temporal 
scales. The relevant timescales span several orders of magnitude, 
from nanoseconds for electron-cyclotron frequencies to hundreds 
of microseconds for ionization-related oscillations, and range in 
spatial dimensions from fractions of a millimeter for Debye 
lengths to fractions of meters for the device size. Many of these 
discharge oscillations were reviewed by Choueiri in 2001,19 and 
these oscillations remain areas of active research.2 Breathing-mode 
oscillations have remained of top interest due to their influence on 
stability and performance,20–22 while kinetic instabilities, such as 
electron-cyclotron drift instabilities, remain of keen interest due to 
their suspected influence on anomalous electron transport.23,24

Furthermore, the forced coupling of the HET discharge to a 
hollow cathode discharge through a common DC circuit means 
that oscillations native to hollow cathode operation25–28 may man
ifest in global circuit measurements of a thruster. Beyond 
plasma-specific dynamics, slow transient behavior during device 
operation is observed, ranging from tens of seconds to hours, due 
to thermal effects and material outgassing.10,29,30 This combination 
of many non-linear coupled dynamics that manifest in the teleme
try makes it challenging to determine the most relevant timescales 
that capture all important dynamics in the system. For our work, 
we will focus on dynamics in the 5 kHz–1 MHz range, which 
encompasses most of the oscillations that capture the state of the 
plasma dynamics, with the potential exclusion of high-frequency 
kinetic instabilities.

Further complicating the evaluation of useful dynamic signals 
for HET modeling is the effect of environmental parameters on 
the underlying dynamic system. Identified causal relationships 
may be influenced by external environmental parameters that alter 
the underlying system dynamics. For example, elevated back
ground pressure resulting from limited pumping speed can alter 
charge-exchange plumes and modify expected neutral particle pro
files near the thruster,31,32 thereby changing the relationships 
among dynamic properties in the discharge or near-field region. 
Some studies have demonstrated pressure dependence of the elec
tric field and electron temperature in magnetically shielded thrust
ers.31 In addition to the facility-grounded surfaces and 
background pressures, questions remain about the effects of 
thruster-body potential on thruster operation6 and the constant 
redeposition of wall materials,12 which may affect the isolation of 
that potential over the length of a test. As a result, causal relation
ships identified in one environment may vary from facility to facil
ity, across a range of pressures within a single facility, or even over 
a set period within a single facility and under a given pressure.

We emphasize that the present work is not intended to 
directly provide a predictive tool for extrapolating thruster behav
ior from ground-test pressures to on-orbit conditions. No causal 
relationship predictor exists that can be confidently applied 
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outside the measured pressure range. Rather, the objective here is 
to establish an empirical, data-driven characterization of how the 
causal relationships among key telemetry signals evolve with back
ground pressure, thereby providing a foundation for constructing 
and validating future dynamic, physics-based models that would 
eventually enable principled extrapolation.

In this study, we apply eCCM to high-speed telemetry signals 
from an H9 thruster, including cathode current, Icath; discharge 
voltage, Vdis; and cathode-to-ground voltage, Vcg, for different 
vacuum chamber pressures. We discuss how these data were col
lected in Sec. II, followed by a description of the eCCM process 
and the related reconstruction parameters and calibration pro
cesses needed to identify causal relationships and their associated 
delay responses in Sec. III. We apply the analysis technique and 
discuss the implications of selecting appropriate embedding 
parameters for thruster operation at 4.5 and 6 kW across several 
pressures and discuss the results of signal selection and the impli
cations for further applications of causal analysis in data-driven 
frameworks in Sec. IV.

II. HALL-EFFECT THRUSTER OPERATION
Extended convergent cross mapping is applied to HET 

telemetry data collected in a previous facility-pressure-effect test 
on thruster impedance, as presented in Ref. 32. This test was con
ducted with an H9 magnetically shielded HET developed by the 
University of Michigan, Air Force Research Laboratory, and Jet 
Propulsion Laboratory33 and operated on krypton in VTF-2 at the 
Georgia Tech High-power Electric Propulsion Laboratory 
(HPEPL). The centerline LaB6 hollow cathode was operated at a 
fixed cathode flow fraction of 7% across all power conditions. The 
lowest operational pressure for the thruster was 6.8 × 10−6 Torr at 
the 4.5 kW operating condition and 8.5 × 10−6 Torr at the 6 kW 
operating condition. The anode and cathode flow were adjusted to 
maintain constant power at elevated pressures. Telemetry data 
were captured with a Teledyne LeCroy Digital Oscilloscope 
HDO6104, using Powertek DP-25 differential voltage probes 
(bandwidth of 25 MHz) for both discharge and cathode-to-ground 
voltage measurements. Cathode current was measured with a 
Teledyne LeCroy CP150 current clamp (bandwidth of 10 MHz). 
Data from the oscilloscope were collected at 10 MHz. The thruster 
was operated with an inline RC filter to protect the power supply 
from reflected oscillations, with a resistance of 0.533 Ω and a 
capacitance of 100 μF.9 The thruster body was tied to the chamber 
ground for this test, matching the parent test campaign of Cabrera 
et al.32 Community practice regarding thruster-body grounding 
varies, though floating or cathode-tied thruster-body configura
tions may be more common in recent qualification tests;34

however, development efforts have often evaluated floating and 
grounded-body configurations in early thruster characterizations.35

To adjust chamber pressure, krypton gas was injected through a ¼ 
in. Swagelok connection located 1.8 m axially downstream of the 
thruster face and 1 m below the thruster centerline with the outlet 
directed toward the chamber wall to attempt to follow recom
mended practice of Dankanich et al.36 and was selected in the 
pressure-study configuration of Cabrera et al.32 both to thermalize 
the injected krypton against the chamber walls and to avoid 

introducing a directed jet or non-uniform density field in the 
thruster near-field. The flow rate was adjusted until the two- and 
three-times baseline chamber pressures were achieved. Figure 1
shows a notional circuit diagram with depictions of the teleme
try signals and gas inlet for chamber pressure adjustment. The 
pressure gauge, a Varian 571 Bayard-Alpert hot filament with a 
neutralizing inlet,36 was located 1 m radially from the thruster, 
aligned with the thruster exit plane. The hot-filament ionization 
gauge produces a time-averaged pressure reading on the scale of 
seconds and cannot resolve fluctuations in the 5 kHz–1 MHz 
band targeted by this study. Chamber pressure is, therefore, 
treated as an environmental setpoint rather than a dynamic 
signal in the eCCM analysis.

The choice to focus on cathode current Icath, discharge 
voltage Vdis, and cathode-to-ground voltage Vcg reflects three con
siderations. First, these three signals are externally accessible at the 
power-processing circuit, are routinely monitored during HET 
testing, and represent the class of measurements that would plausi
bly be available on a flight system and during qualification and 
acceptance testing, giving them a low barrier to practical use. 
Second, taken together, they sample the three principal circuit 
nodes of the thruster—the anode, the cathode, and the body/ 
chamber-ground reference—and, therefore, capture dynamics 
associated with each of the major potential references present in a 
typical HET test configuration. They are not a complete set; the 
anode current, in particular, would also be of interest, but the 
present analysis draws on telemetry collected during a previously 
executed parent test campaign in which that signal was not 
recorded. Third, this class of external circuit measurement is the 
same class used by prior data-driven state-estimation efforts in 
HETs.14,16,37 More specific temporal diagnostics, such as 
in-vacuum probes, ion velocity or energy distributions, and optical 
emission measurements, may eventually provide richer causal 
information but are less practical as flight-representative telemetry 
and were outside the scope of the parent test campaign.32

Expansion of the analyzed signal set is identified as a direction for 
future work in the Conclusion.

FIG. 1. Simplified H9 testing schematic with telemetry measurements used for 
causality analysis and notional pressure adjustment location highlighted.
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III. CAUSALITY ANALYSIS
It is often the case that correlation, or the lack thereof, is used 

to determine if a given variable or data stream should be included 
in a model. When there is no noticeable change in the underlying 
measurement or property that correlates with the phenomena of 
interest, it is all too often overlooked or dropped from consider
ation. By evaluating the causal relationships among two or more 
variables, we can better determine whether the information under 
consideration is ultimately useful to include in a model. In other 
words, causal analysis can quantify the dynamic relevance of a 
signal used to capture the state of the system.

A. Background of extended convergent 
cross mapping

Granger causality has been used to evaluate causality among 
potentially interacting variables, focusing on improving estimates by 
including or excluding those variables in the prediction of a variable 
of interest.38 This approach, however, can struggle to correctly iden
tify causal relationships in dynamic systems where the history of 
one variable may be redundant due to its inseparability from other 
system variables, as a consequence of their causal relationship in a 
deterministic dynamic system.39 As a result, effective inclusion and 
exclusion of variables cannot be achieved, leading to ambiguity in 
identifying causal relationships. Convergent cross mapping (CCM) 
addresses this challenge by fundamentally leveraging the insepara
bility of causally related variables in a deterministic dynamic 
system.40 Furthermore, this technique is valuable where direct mea
surements of all underlying variables are difficult or infeasible.

Convergent cross mapping leverages Takens’ theorem,39

which relates a dynamic system’s present states to its past states to 
evaluate the degree to which one variable’s history is present in 
that of another. Sugihara et al. demonstrated a causal relation in a 
system containing dynamic variables x and y as follows. If x acts 
causally on y, then information about x will be present in the 
history of y. Additionally, reconstruction of x using the historical 
data of y will then be convergent to higher accuracy with the 
inclusion of additional data.40 The metric used to gauge recon
struction accuracy was the Pearson correlation coefficient between 
the reconstructed and test signals. The reconstruction process 
leverages time-delay embeddings of a signal, coupled with a tech
nique such as simplex projection,41 to perform state-space recon
struction (SSR) and produce a signal estimate of the second signal. 
This process can be leveraged to identify the reduced set of mea
surement data required to capture the state of a system if many 
types of measurement data can be reconstructed from a selected 
set of signals. The reconstruction of different measurement data 
streams was demonstrated using the shadow-manifold interpola
tion method with HET test data by Eckhardt et al.42 The technique 
was leveraged to generate time-resolved reconstructions of many 
measurement-state-based diagnostics.43–46 While SSR techniques 
are useful for time-resolved measurements, the focus of the recon
struction in CCM is on determining the nature of the relationship 
between the input and reconstructed signals.

By using these reconstructions to evaluate dynamic causality, it 
is possible to generate accurate reconstructions of a given signal from 
signals that were not causally related. Strong external driving variables 

can dominate the dynamics of non-interacting species that appear to 
respond synchronously, a phenomenon in ecology known as the 
Moran effect.47 Additionally, situations arise in which one variable 
strongly drives another to such an extent that the common dynamics 
of both variables lead to similar reconstruction behavior, making it 
difficult to distinguish true unidirectional behavior from bidirectional 
behavior. These situations can be broadly categorized as forms of 
generalized synchrony and are known to obfuscate the correct identi
fication of causal variables.40 To address this challenge, in 2015, Ye 
et al. developed an extension of CCM (eCCM) that considered the 
time shifts (note that we call these time shifts in eCCM to distinguish 
from the time delays used in the time-delayed phase portraits) 
between dynamic variables and their peak reconstruction quality to 
identify the dynamic response and infer directionality, i.e., whether 
one signal precedes or succeeds another signal, thereby improving 
the interpretation of CCM.17 This technique has been applied to 
HET simulations48 and experimental measurements49 and has been 
compared with other causality-determination techniques.50 It is 
important to note that since causality is transitive, one variable’s 
reconstruction quality may be the result of many other driving vari
ables not measured directly. While relationships drawn between 
subsets of system variables must be carefully analyzed, as they can be 
subject to the effects of transitivity and indirect relationships, i.e., the 
analysis is limited to the relationships within the selected datasets, we 
employ causal analysis to quantify changes in telemetry characteris
tics across different test conditions.

B. CCM description
The premise of CCM relies on nonlinear SSR that leverages 

Takens’ theorem.39 To study if one signal x(t) is causal on another 
signal y(t), the process attempts to reconstruct the dynamic signals 
of the time series x(t) from a delayed embedding (which is some
times called a shadow manifold) of the time series y(t). If this 
reconstruction can be performed with increasing accuracy, as mea
sured by the Pearson correlation coefficient, ρ, between the recon
structed and real time series, when more data are included in the 
analysis, then it can be understood that x is causal on y.

The basic flow of the CCM process is outlined below. 
Time-resolved signals are collected synchronously for all variables 
of interest. The signals are split into test-train segments, i.e., x 
(t = 1, …, N) = [xtrain(1, …, Ntrain), xtest(Ntrain + 1, …, N)] and y 
(t = 1, …, N) = [ytrain(1, …, Ntrain), ytest(Ntrain + 1, …, N)], where N 
is the number of total time steps and Ntrain is the number of time 
steps for the training data. The test signals are reconstructed using 
the shadow manifold, which will be defined shortly, and the 
reconstructed signals are compared with the original test data 
signals to assess the reconstruction quality. The reconstruction is 
performed by considering a shadow manifold with a reduced 
number of signals: My(t) = [y(t), y(t − τ), …, y(t − (m − 1)τ)], 
where τ is the time delay and m is the number of embedding 
dimensions. The time-delayed phase portrait was first introduced 
to the EP community by Greve et al.15 as a tool for model calibra
tion of nonlinear dynamical systems.

At each time step of the test data signals, we take the 
time-delay embedding test data manifold, i.e., My,test(t = t0) = [ytest
(t = t

0
), ytest(t = t0 − τ), …, ytest(t = t0 − (m − 1)τ)]. In addition, the 
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train data manifold is constructed as My,train(t = t1) = [ytrain(t = t1), 
ytrain(t = t1 − τ), …, ytrain(t = t1 − (m − 1)τ)]. Then, we find a finite 
number of t1 values, e.g., m + 1 values,41 of the train data manifold 
that result in the smallest Euclidean distance between My,test(t0) 
and My,train(t1). These datasets are called the near neighbors. Now, 
a shadow manifold of x is constructed as

M̂x,test(t0) ¼
Xmþ1

i¼1
wiMx,train(ti), (1) 

where wi ¼ ui/
Pmþ1

i
ui is the normalized weight, ui ¼ exp � dy,i

dy,1

� �

is the weight, and dy,i is the Euclidean distance between 
Mx,train(t0) and Mx,train (ti). Note that i = 1 is the nearest 
neighbor. Here, the constructed shadow manifold can 
be considered to have m discrete numbers such that 
M̂x,test(t0) ¼ [xsm(t0), xsm(t0 � τ), . . . , xsm(t0 � (m � 1)τ)], where 
the xsm values are estimated from Eq. (1). Finally, it should be noted 
that the x signal can be reconstructed, which we call x̂(t), by taking 
an average over m values of xsm(t). The cross-mapping skill is evalu
ated using the Pearson correlation coefficient ρ between the recon
structed signal x̂(t) and the test signal xtest(t).

C. Embedding parameter selection
As discussed in Sec. III B, embedding parameters must be 

selected to generate time-delay embeddings or shadow manifolds 
used in the cross-mapping process to reconstruct signals. 
Specifically, a time delay τ and an embedding dimension m must 
be selected. There is no mathematical requirement for the selec
tion of τ to generate a proper embedding; however, real-world 
applications demonstrate that both the embedding dimension and 
the time-delay selection significantly impact reconstruction 
quality. Several methods for determining the relevant time delay τ 
and embedding dimension m have been developed.51 Many of 
these methods focus on reducing the computational cost of evalua
tion and on distinguishing deterministic and stochastic signals. 
Cao’s method52 for the selection of the embedding dimension m, 
based on a modified form of identifying false nearest neighbors, 
has been used in many applications with thruster-relevant 
signals.49,50 However, this process requires selecting a time delay 
for which numerous heuristics have been proposed for given 
applications.51 Recently, work by Martin et al.53 has demonstrated 
a robust framework that leverages the mutual information of trans
formed coordinates (MITCs) to select a value for τ that yielded 
high reconstruction quality in a noisy system. In this paper, we 
conduct a parametric sweep of τ and m, comparing their respective 
impacts on reconstruction quality for a given pair of signals. As a 
result, every pair of signals reconstructing one another used the 
embedding dimension m and the embedding time delay τ that 
produced the best reconstruction with no time shift l applied.

D. Time shift for eCCM
The descriptions in Secs. III A–III C describe the process for 

performing CCM. In eCCM, a time shift (or cross-map lag17) is 
used to identify directional information flow between signals. The 
time shift, l, is applied between the two signals used in the 

reconstruction. Therefore, we perform the same CCM process, but 
for y(t) cross-mapping x(t + l). If x(t) is causal on y(t) with some 
delay, then y will have a better cross-mapping skill of previous 
values of x. For instance, if x acts on y after two time steps, we 
would expect the largest cross-mapping skill for y cross-mapping x 
with a shift of l = −2. Hence, one condition for causality is the large 
cross-mapping skill with a negative time shift, i.e., l < 0. For the same 
example, we can consider the other cross map, i.e., x cross-mapping y 
with a shift of l = 2. Even if the cross-mapping skill is high, indicating 
that a cross-mapped signal is reconstructed accurately, the positive 
time shift indicates that y is not causal on x. This identification of a 
delay in response from one variable to another is tested with an 
example problem used in Ye et al.17 and in Huerta et al.50 The details 
of this test and the results are shown in the Appendix.

IV. RESULTS
We applied the eCCM analysis to voltage and current signals 

for the H9 thruster tested at the lowest achievable operating pres
sure (baseline), as well as twice (2×) and three times (3×) the base
line pressure at 4.5 and 6 kW operating conditions. The thruster 
was operated for several hours at the baseline pressure to reach 
steady state and avoid transient dynamics associated with thermal 
drift and channel outgassing.32 To evaluate the optimal embedding 
parameters for each cross-mapping, a parametric sweep of the 
embedding dimension m and time delay τ is conducted. The 
embedding parameters that yield the highest cross-mapping skill 
are then selected for the extended convergent cross mapping, in 
which time shifts are applied to the signals to evaluate information 
flow between them. For the parameter sweeps and extended con
vergent cross mappings, the signal data length is limited to 
131 072 at a measurement frequency of 10 MHz, spanning roughly 
200 breathing-mode oscillations of the H9 thruster. Hence, one 
time step in the measurement dataset corresponds to 100 ns. Each 
analysis is repeated on six such windows taken across the full 
∼100 ms telemetry record, and the mean reconstruction skill of 
the windows is shown in the following power spectral density and 
eCCM plots, with the standard deviation from that mean, calcu
lated across all windows, shown as the shaded regions.

A. 4.5 kW operating condition
The lowest chamber pressure of 6.8 μTorr was achieved with 

the 4.5 kW operating condition. After operating for several hours 
to achieve thermal steady state, the telemetry was collected, and 
the chamber pressure was increased to twice the nominal back
ground pressure, approximately 13 μTorr. This process was 
repeated to achieve three times the nominal background at approx
imately 20 μTorr. Under all conditions, the thruster was operated 
at a steady-state discharge voltage of 300 V and a discharge 
current of 15 A, the discharge current being maintained by adjust
ing the thruster flow rate. The 4.5 kW operating condition had the 
lowest peak-to-peak current oscillation relative to the mean 
current in the telemetry waveforms collected.

The power spectral density plots for each signal under the 
three background pressure conditions are shown in Figs. 2(a)–4(a). 
As shown in Figs. 2(a1)–4(a1), the cathode current exhibits a peak 
oscillation at the breathing mode around 16.4 kHz, with lower 
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signal content at higher frequencies. Figures 2(a2), 2(a3), 3(a2), 
3(a3), 4(a2), and 4(a3) show that the discharge and 
cathode-to-ground voltage oscillations occur near a similar 
breathing-mode frequency at 17.6 kHz but with considerably more 
signal content in the 100 kHz–1 MHz range. In all cases, the 
breathing-mode peak decreased with increasing pressure, accompa
nied by broader peaks relative to those at the baseline operating 
pressure. Cathode current showed the largest change in the oscilla
tion amplitude at the breathing-mode frequency, followed by 
cathode-to-ground voltage, with the smallest change in breathing- 
mode peak height observed in discharge voltage.

1. Parametric sweep
To perform cross-mapping of the telemetry signals, embed

ding parameters must be selected. Due to uncertainty in the rela
tionship between the different dynamic signals, a parametric 
sweep of the embedding dimension m and time delay τ is con
ducted to determine the optimal embedding parameters to use for 
cross-mapping. The time-delay range is 2–80, and the embedding 
dimension is varied from 2 to 100. The parametric sweep is per
formed without time shifts between the signals, and the embed
ding parameters that yield the highest cross-mapping skill for the 
reconstructed signal are then used in extended convergent cross 

FIG. 2. Power spectral density plots [(a1)–(a3)] and embedding parameter sweep [(b1)–(b6)] of Icath, Vdis, and Vcg waveforms captured from an H9 thruster operated at 
4.5 kW at baseline pressure, i.e., a chamber pressure of 6.8 μTorr.
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mapping, in which time shifts are applied to the signals. Although 
these signals are all measured from the same circuit operating a 
dynamical plasma system, there is no guarantee that the singular 
set of embedding parameters will yield maximum reconstruction 
quality for all pairs of signals used for cross-mapping.

For each signal combination, we perform two cross-mappings 
in each direction, i.e., Icath cross-maps Vdis and Vdis cross-maps 
Icath. The combination of an unknown relationship between the 
signals, measurement uncertainty, and the associated uncertainty 
in properly embedding each signal is why we do not assume that a 
single set of embedding parameters will perform well for all 
signals. Indeed, this can be seen in the embedding parameters that 

result in the highest cross-mapping skill in Fig. 2. The cross- 
mapping skill of Icath and Vdis in Figs. 2(b1) and 2(b2) shows the 
significant change in embedding dimensions that result in optimal 
reconstruction. Beyond differences observed in the directionality 
of cross-mapping, we observe changes in the best embedding 
parameters for a single signal used to cross-map different signals, 
as shown in the reconstructions of Vdis and Vcg by Icath in 
Figs. 2(b1) and 2(b3), respectively. The same input signal, Icath, is 
used for both reconstructions; however, significantly different 
embedding parameters are required to achieve the best cross- 
mapping. In general, the best embedding parameters to obtain the 
highest reconstruction skill vary widely across Figs. 2(b1)–2(b6).

FIG. 3. Power spectral density plots [(a1)–(a3)] and embedding parameter sweep [(b1)–(b6)] of Icath, Vdis, and Vcg waveforms captured from an H9 thruster operated at 
4.5 kW at twice the baseline pressure, i.e., a chamber pressure of 13 μTorr.
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The power spectral density plots and parametric sweep of 
embedding parameters for the signals collected at two times base
line chamber pressure are shown in Fig. 3. The embedding param
eters that yield the best cross-mapping skill continue to depend on 
the signal being cross-mapped and the directionality of the cross- 
mapping between the two signals. A significant increase in the 
optimum τ value for Vcg cross-mapping Vdis in Fig. 3(b6) is 
observed at the higher pressure, although the lower embedding τ 
in Fig. 2(b6) remains a relatively high cross-mapping skill 
region in both plots. This could be due to periodicity in the 
underlying dynamics, or to a change in the dynamics of the input 
or test signals, best captured by increasing the time delay for the 

embeddings by about 6 μs. There is also a slight decrease in the 
peak cross-mapping skill achieved in each sweep at the higher 
pressure.

In cross-mappings involving Vdis shown in Figs. 3(b2) and 3 
(b5), the highest cross-mapping skill was observed at m = 100, i.e., 
at the limit of the dimensional range allowed for the sweep. The 
effects this has on the eCCM results are discussed in Sec. IV A 2. 
Furthermore, additional sweeps to higher τ and m values were 
conducted and yielded only minor increases in cross-mapping 
skill. As a result, the eCCM analysis for all signals used embedding 
parameters that yielded the highest cross-mapping skill only 
within the parameter sweep range.

FIG. 4. Power spectral density plots [(a1)–(a3)] and embedding parameter sweep [(b1)–(b6)] of Icath, Vdis, and Vcg waveforms captured from an H9 thruster operated at 
4.5 kW at three times the baseline pressure, i.e., a chamber pressure of 20 μTorr.
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For a chamber pressure of 20 μTorr, corresponding to three 
times the base operating pressure for the thruster at 4.5 kW, the 
power spectral density plots and the parametric-sweep contours 
for cross-mapping are shown in Fig. 4. The continued reduction 
in peak height with increased broadening is observed in 
Figs. 4(a1)–4(a3), while the continued reduction in peak and high 
cross-map skill regions is observed in the contour plots in 
Figs. 4(b1)–4(b6). A reversion to the smaller τ value for Vcg cross- 
mapping Vdis was observed in Fig. 4(b6), along with a notable 
increase in dimension m for Icath cross-mapping Vcg in Fig. 4(b3).

In general, the parametric sweep of embedding parameters 
appears justified, as the reconstructed signals and the direction of 
cross-mapping influenced the embedding parameters that yield 
the highest cross-mapping skill. In some instances, particularly for 
Icath and Vcg, the relationship of the mτ product appears to 
produce regions of higher cross-mapping skill, as may be expected 
for signals of the same dynamical system, as this scalar product is 
related to the effective time period captured by a single embedding 
vector at a given time step.51 Specifically, for Icath and Vcg, it seems 
to be loosely grouped around mτ  ≈ 500, or 50 μs, which is near 
the breathing-mode oscillation period.

2. Time shift identification
As discussed in Sec. III A, one of the primary advantages of 

eCCM over previous techniques is the identification of time shifts 
between the causal responses of one variable to another, reflecting the 
information-transit time between the two signals and the direction of 
information flow. The process is described in detail in Sec. III B.

The difference between the resulting peaks in cross-mapping 
skill relative to one another, as well as the no-shift case (l = 0 μs), 
is used to determine whether there is a lag in the information flow 
between the signals. Peaks in the negative time-shift direction 
indicate that the reconstructed signal is causal with respect to the 
signal used for the reconstruction, with a delay on the order of 
the observed time shift. Peaks at a positive time shift indicate that 
the reconstructed signal is not causal on the signal used for recon
struction but does share signal dynamics. This can occur when 
similar external dynamics drive non-interacting variables, or when 
the signal performing the cross-mapping is unidirectionally driving 
the signal being cross-mapped. In the case of a unidirectional rela
tionship, there should be both a positive and a negative time-shift 
peak in the respective causal direction. This is the classic case 
covered by Ye et al.17 Finally, as discussed in the Appendix and by 
Ye et al.,17 there are limits to the accuracy of the interpreted time 
shift if the time shift is less than that of the mτ product, as the shift 
value can be influenced by centering of the delay vector and mτ 
product size. We found in our example using negative-lag embed
dings, following [x(t), x(t − τ), x(t − 2τ), …, x(t − (m − 1)τ)], that 
the negative shift consistently identified the correct lag value, while 
overpredicting in the forward-shifted peak direction, as shown in 
the plots in the Appendix.

Figure 5 shows the results of eCCM of the H9 telemetry 
signals at baseline, i.e., 6.8 μTorr [(a1)–(a3)], 2× baseline, i.e., 
13 μTorr [(b1)–(b3)], and 3× baseline, i.e., 20 μTorr [(c1)–(c3)]. 
As shown in the first column, Fig. 5(a1), Vdis has the highest cross- 
mapping skill of Icath with a nearly instantaneous response. The 

slight negative shift would indicate that Vdis is causally driven by 
Icath, with little or no delay, and an observed reduction in cross- 
mapping skill with increasing chamber pressure, as shown in 
Figs. 5(b1) and 5(c1). In Fig. 5(a2), we can see that the negative 
peak of Vcg relative to Icath indicates that Icath is causal on Vcg at 
the baseline pressure. However, the reduction in cross-mapping 
skill of Vcg with increased pressure below that of the positive- 
shifted peak shown in Figs. 5(b2) and 5(c2) indicates that this may 
deteriorate into an indirect relationship that is still reliant on a 
common set of dynamics with reduced unique information about 
Icath in the time history of Vcg. Finally, it can be seen in Figs. 5 
(a3)–5(c3) that a strong indirect relationship exists where common 
dynamic information in Vdis is also present in Vcg; however, Vcg 
cannot reconstruct the dynamics of Vdis well. Again, the recon
structions follow the trend of the other two signal pairs, with 
decreasing reconstruction skill observed at higher pressures, indi
cating eroded mutual dynamic information.

As discussed in the parametric sweeps of embedding parame
ters, there are cases when the maximum embedding dimension (e.g., 
m = 100) was selected as the parameter with the highest cross- 
mapping skill. In these cases, the signal doing the cross-mapping 
exceeded the cross-mapping skill in the reverse direction, leading to 
no change in the identified directionality or time shift l in the subse
quent causality analysis. Furthermore, minor gains in the highest 
cross-mapping skill from expanding the parameter sweep ranges also 
reduce the likelihood of differences arising from sweep limitations.

We see that the discharge voltage Vdis appears to reconstruct 
the other signals most effectively; even though the positive peak 
with cross-mapping Vcg indicates a form of an indirect relation
ship, Vdis still captures unique states of Vcg. This high cross- 
mapping skill speaks to the relevance for including Vdis in 
dynamic data-driven models. Cathode-to-ground voltage Vcg ini
tially appears to be driven by cathode current Icath, as might be 
expected; however, it continues to lose relevant dynamic informa
tion of Icath with higher chamber pressures. This could indicate 
changes in the current paths near the cathode plume, driven by 
changes in chamber pressure.

B. 6 kW operating condition
The thruster was operated at 6 kW to explore how the 

dynamic relationships of the same circuit telemetry are affected 
under higher discharge-current operating conditions. Specifically, 
we apply the same causality analysis to the telemetry signals across 
scaled pressure environments for the thruster operated at 6 kW, 
which exhibits a peak power spectral density more than two 
orders of magnitude larger than the peak breathing-mode power 
spectral density at the 4.5 kW operation with that peak frequency 
at 14.52 kHz for all three signals, as shown in the power spectral 
density plots of Figs. 6(a)–8(a). Although the breathing-mode 
oscillation amplitudes are reduced and appear to broaden with 
increasing pressure, the breathing-mode oscillations remain stable 
across the three background pressures of 8.5, 16, and 25 μTorr.

1. Parametric sweep
As a result of the strong breathing-mode oscillation present 

in all telemetry signals when the thruster is operated at 6 kW, a 
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general baseline of high cross-mapping skill across many embed
ding parameters is observed, driven by the common 14.52 kHz 
oscillation that dominates the power spectra in each time series. 
As a result, the information about changes in cross-mapping skills 
should be evaluated on a relative basis, and therefore so should the 
dependence on embedding parameters. To aid visualization of rel
ative trends in the effect of embedding parameters on cross- 
mapping skill at each chamber pressure, an arbitrary minimum 
cross-mapping skill of 0.8 was applied to the embedding parame
ter sweeps in Figs. 6–8.

Despite the significant increase in cross-mapping skill among 
all signals in the 6 kW condition operated at 8.5 μTorr, the embed
ding parameter regions that yielded the highest cross-mapping 
skill in Figs. 6(b3)–6(b6) remain similar to those of 4.5 kW shown 
in Figs. 2(b3)–2(b6) with slight differences in specific peak 

embedding parameters. The smaller τ values for Icath and Vdis 
reconstructions in Figs. 6(b1) and 6(b2) are similar, with a prefer
ence for larger dimensions for cross-mapping performed by Vdis. 
The regions of high cross-mapping skill between Icath and Vcg in 
Figs. 6(b3) and 6(b4) appear to follow a similar mτ product rela
tionship, as seen with the 4.5 kW condition.

The background pressure in the chamber was increased to 
16 μTorr, roughly twice the base operating pressure at 6 kW, and 
telemetry was collected once the thruster reached steady-state 
operation. The resulting embedding parameter sweep, shown in 
Fig. 7, indicates a reduction in the size of the regions producing 
the highest cross-mapping skill, similar to the effect observed 
in the 4.5 kW operation. This trend continues, as shown in Fig. 8, 
as the background pressure was further increased to 25 μTorr, 
roughly three times the base operating pressure during 6 kW 

FIG. 5. Extended convergent cross mapping results of telemetry collected from an H9 thruster operated at 4.5 kW and at three background pressure conditions: base
line (a1)–(a3), 2× baseline (b1)–(b3), and 3× baseline (c1)–(c3).
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thruster operation. There is also a decrease in the peak cross- 
mapping skill achieved by each of the sweeps with the increase in 
pressure, which is discussed further in Sec. IV C.

2. Time shift identification
The results of the eCCM analysis applied to the H9 telemetry 

collected while the thruster was operated at 6 kW are shown in 
Fig. 9. The resulting cross-mapping skill at each time shift for a 
given pressure is shown for pressures expressed as multiples of the 
lowest achievable pressure, referred to as baseline, i.e., 8.5 μTorr 
[(a1)–(a3)], 2× baseline, i.e., 16 μTorr [(b1)–(b3)], and 3× baseline, 

i.e., 25 μTorr [(c1)–(c3)]. Similar to the results from telemetry col
lected with the thruster operating at 4.5 kW, the discharge voltage 
appears to reconstruct all other signals best, but continues to show 
a decrease in peak cross-mapping skill with increasing pressure. 
Again Vdis appears to respond nearly instantaneously to changes 
in cathode current. The causal relationship between Icath driving 
Vcg in Figs. 9(a2), 9(b2), and 9(c2) appears to be similar in the 
direction and time shift values to those at the 4.5 kW baseline con
dition in Fig. 5(a2), but the cathode-to-ground voltage Vcg is able 
to maintain a higher cross-mapping skill than Icath through all 
increases in pressure. It could be that due to more coherent and 
larger amplitude breathing-mode oscillations Vcg remains causally 

FIG. 6. Power spectral density plots [(a1)–(a3)] and embedding parameter sweep [(b1)–(b6)] of Icath, Vdis, and Vcg waveforms captured from an H9 thruster operated at 
6 kW at baseline pressure, i.e., chamber pressure of 8.5 μTorr.
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driven by the primary dynamics in Icath. The results of cross-mapping 
between Vdis and Vcg appear to indicate again an indirect relationship, 
with the peak cross-mapping skill resulting from Vdis cross-mapping 
Vcg at a positive time shift. This indicates that the two signals may 
share common dynamics, but that cathode-to-ground voltage Vcg 
does not capture all the dynamics of the discharge voltage Vdis.

C. Effect of background pressure on causality
Understanding the causal relations in HET telemetry can 

help better select which data to include in data-driven models, but 
understanding how environmental factors, such as background 

chamber pressure, affect these relationships is crucial. If a given 
signal is selected for its causal relationships with many dynamic 
data, but those relationships are sensitive to environmental factors 
such as background pressure, then care must be taken in using the 
data, as it may no longer contain the relevant information needed 
to improve state estimation. To this end, we explore how the 
dynamic relationships among thruster telemetry signals are altered 
by pressure across the two thruster operating conditions, as shown 
in Figs. 5 and 9. During thruster operation at 4.5 kW, the peak 
cross-mapping skill monotonically decreased with increasing 
chamber pressure for nearly all signals. This trend is illustrated 
directly in Fig. 10, which plots the maximum cross-mapping skill 

FIG. 7. Power spectral density plots [(a1)–(a3)] and embedding parameter sweep [(b1)–(b6)] of Icath, Vdis, and Vcg waveforms captured from an H9 thruster operated at 
6 kW at twice the baseline pressure, i.e., a chamber pressure of 16 μTorr.
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against background pressure for all pressure conditions. 
Asymmetric changes in the effect on signal pairs are present in all 
three, but are most clear in the largest cross-mapping skill change 
with pressure observed for Vcg cross-mapping Icath, in Fig. 10(b). 
Here, the change in peak cross-mapping is significant enough to 
drop the reconstruction quality below that of the Icath cross- 
mapping Vcg, indicating that there may not be a clear unidirec
tional causal relationship between the two, especially at higher 
pressures. This may be due to changes in the coupling of cathode 
current to the near-field plasma region, which are influenced by 
additional charge-exchange current paths to the thruster plume 
and the chamber wall. If the dynamics of Icath are altered by 

elevated charge-exchange ions, the time history of cathode current 
may not be captured well by the cathode-to-ground voltage. If this 
effect of chamber pressure is due to the coupling of cathode 
current to the vacuum chamber wall, it also underscores the 
importance of the grounded chamber surfaces near the cathode 
and thruster plume in shaping the relationship between Icath and 
Vcg. Therefore, if data-driven models rely on the causal relation
ship of Vcg for ground testing, it is important to remember that 
dynamic information of cathode current could be altered with 
increases in chamber pressure. We note that changes in the cross- 
mapping of Vdis and Vcg in Fig. 10(c) appear to show a greater 
response to the first pressure step than to later increases in 

FIG. 8. Power spectral density plots [(a1)–(a3)] and embedding parameter sweep [(b1)–(b6)] of Icath, Vdis, and Vcg waveforms captured from an H9 thruster operated at 
6 kW at three times the baseline pressure, i.e., a chamber pressure of 25 μTorr.
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pressure from the 2×-baseline to the 3×-baseline, indicating that 
the causal dynamic relationship between the two for the 4.5-kW 
condition is more sensitive in the first pressure step. This disparity 
in pressure response indicates a regime change in the dynamic 
relationship: it is more sensitive at lower pressures but becomes 
less sensitive once the background pressure is sufficiently high.

The effect of pressure on the peak cross-mapping of telemetry 
signals collected as the H9 was operated at 6 kW is shown in 
Fig. 11. As discussed in Sec. IV B, the base cross-mapping skill is 
significantly higher for this condition due to the dominance of the 
breathing mode in the system dynamics. As a result, changes in 
the causal relationships are evaluated at higher levels of relative 
reconstruction skill. Yet again, a monotonic decline in cross- 
mapping skill with increasing chamber pressure was observed 

across all signals. The largest change in cross-mapping skill is 
observed between Vdis and Vcg in Fig. 11(c); however, Vcg cross- 
mappings were strongly influenced by Icath in Fig. 11(b) as well. 
There appears to be a larger change between the twice baseline 
(16 μTorr) and the three times baseline (25 μTorr) conditions; 
however, it is unclear whether this change would remain nonlinear 
with further increases in pressure.

Finally, it is important to note that these signals constitute an 
incomplete set of the dynamic variables that comprise the 
dynamic plasma system. As such, the causal relationships identi
fied in eCCM are likely only a subset of the variables comprising 
the underlying dynamic system. An example of this may be seen 
in the relationship between Vdis and Vcg in Figs. 5 and 9. In both 
operating conditions, Vdis can better reconstruct Vcg with a 

FIG. 9. Extended convergent cross mapping results of telemetry collected from an H9 thruster operated at 6 kW and at three background pressure conditions: baseline 
(a1)–(a3), 2× baseline (b1)–(b3), and 3× baseline (c1)–(c3).
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forward time shift, meaning that Vdis correctly capture dynamics, 
although it may also be driven by additional dynamics not shared 
with Vcg, as indicated by the inability of Vcg to accurately cross- 
map Vdis to the same degree. In addition, it appears that Vdis 
responds much quicker, <1 μs vs 7–9 μs to the common dynamics 
of Icath much more quickly than Vcg does, producing results 
similar to those discussed in the Appendix when two indirect vari
ables respond to a common driver with different response delays. 
One might propose that a common driver could be Icath; however, 
the negative time shifts identified in Vcg cross-mapping Icath 
exceed the delays between Vdis and Vcg. The apparent indirect rela
tionship between Vcg and Icath in Fig. 5(c2) indicates a more com
plicated dynamic network. A more complete set of dynamic 
measurements would be needed to further clarify the relationship 
of the common driver to each signal.

These results were obtained with the thruster-body grounded. 
In a floating configuration, Vcg signals may include stronger base
line coupling to Icath. However, the mechanism driving the 
pressure-dependent degradation of the dynamic relationship of 
Icath and Vcg—additional facility-coupled current paths opened by 
elevated background neutrals—remains present in a floated config
uration. We, therefore, expect the qualitative trend, namely, a 
monotonic decrease in peak cross-mapping skill with increasing 
pressure, to be preserved with a floated body, though the 

magnitude of the change in cross-mapping skill (ρ-values) and 
possibly the time shift of the peaks will differ.

The reductions in ρ between baseline and 3× baseline pres
sure are largest at 4.5 kW—approximately 15% for pairs involv
ing Vcg—and smaller but still monotonic at 6 kW, where typical 
fractional changes fall in the 6%–8% range. These magnitudes 
should be interpreted against a baseline that is itself influenced 
by the dominant breathing-mode oscillation at 6 kW: because 
that oscillation is present in every telemetry channel, it raises ρ 
for all pairs through generalized synchrony,17,40 which, in turn, 
compresses the absolute Δρ associated with a given physical 
weakening of the pair-specific causal coupling. To our knowl
edge, no threshold value of Δρ has been established in the liter
ature at which a change in cross-mapping skill can be said to 
correspond to a significant alteration in the underlying dynam
ics, and the present results are offered, in part, as an initial 
dataset against which such thresholds may eventually be cali
brated. The central observation—that ρ decreases monotonically 
with increasing background pressure across every signal pair 
and at both power levels—is consistent with the 0.5–0.9 range 
of ρ values reported in the broader CCM and eCCM litera
ture,17,40,49,50 where modest but monotonic changes of this kind 
have previously been interpreted as evidence of a weakening 
causal relationship.

FIG. 10. Maximum cross-mapping skill of each telemetry signal pair, Icath and Vdis (a), Icath and Vcg (b), as well as Vcg and Vdis (c) with increasing chamber pressure of 
an H9 operated at 4.5 kW.

FIG. 11. Maximum cross-mapping skill of each telemetry signal pair, Icath and Vdis (a), Icath and Vcg (b), as well as Vcg and Vdis (c) with increasing chamber pressure of 
an H9 operated at 6.0 kW.
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D. Discussion
As shown in the analysis of both the 4.5 and 6 kW operation 

of the thruster, there is a reduction in the peak cross-mapping 
skill of the telemetry signals with elevated chamber pressure. It 
can be hypothesized that this degradation in causality stems from 
pressure-dependent changes in the current pathways for the 
cathode. Under normal operation of the thruster in an on-orbit 
environment, circuit continuity would ensure that cathode current 
and voltage would remain linked to the anode behavior. However, 
the presence of background pressure could result in a higher near- 
field plasma density that enables current flow of electrons to the 
electrically conducting vacuum facility walls or different compo
nents, e.g., thruster body. In this scenario, discharge ions can be 
neutralized by electrons on facility surfaces with cathode-supplied 
electrons arriving at the facility elsewhere, partially decoupling the 
discharge behavior from the cathode current. To better understand 
if this is a reasonable proposal for the observed behavior, a larger 
set of system variables would need to be included in the analysis.

Expanding the set of available signals to better capture the 
dynamical network could include both high-speed probes and 
optical measurements coupled with expanded telemetry to 
improve our ability to capture changes in the underlying dynam
ics. This would help provide a clearer understanding of how the 
environmental factors, such as chamber pressure, alter the 
dynamic relationships that exist between the discharge, cathode, 
and near-field plasmas. Another point of interest is to explore how 
to incorporate environmental conditions that affect causal rela
tions into multi-modal data-driven frameworks that allow the use 
of signals whose dynamic relationships are sensitive to such 
factors (e.g., gain adjustments to Kalman filters under specific 
environmental conditions).

The ability to tie direct changes in dynamic relationships of 
telemetry to the underlying physics of the thruster operation is 
limited due to the lack of time-resolved plasma property measure
ments. Future measurements will need to focus on establishing 
these links between telemetry and plasma property measurements 
to advance the physical understanding of how changes in the 
underlying physics manifest as changes in the dynamic causality. 
For now, if we adopt the working assumption that the 
cathode-to-ground voltage Vcg is indicative of downstream plume 
dynamics, while the discharge voltage Vdis is representative of 
near-field discharge dynamics, then the larger pressure-induced 
decoupling observed between Vdis and Vcg at 4.5 kW, relative to 
6 kW, can be interpreted as a more significant separation of near- 
field and far-field dynamics at the lower power level. The compar
atively smaller decoupling observed at 6 kW is consistent with the 
stronger breathing-mode oscillation under that condition, which 
requires coherent periodic changes in both the near-field discharge 
and the downstream plume, thereby maintaining tighter dynamic 
coupling between the two regions even as the background pressure 
is increased.

It is important to clarify what the present framework does, 
and does not, enable with respect to the long-standing problem of 
extrapolating ground-test results to on-orbit pressure environ
ments. The eCCM analysis reported here does not itself constitute 
an extrapolation tool nor can the pressure trends in ρ be projected 

to pressures below the baseline condition of the vacuum facility. 
What the framework does provide is a quantitative, signal-level 
description of which causal relationships among electric circuit 
components are sensitive to background pressure. This informa
tion is directly useful for the development of dynamic, physics- 
based models of HET operation: it identifies the signal pairs 
whose coupling must be represented accurately in any reduced- 
order or state-space model intended to capture facility-effect sensi
tivity (e.g., boundary conditions), and it flags those couplings for 
which environmental factors other than pressure may dominate.

V. CONCLUSION
Extended convergent cross mapping was applied to three 

externally accessible telemetry signals, cathode current Icath; dis
charge voltage Vdis; and cathode-to-ground voltage Vcg, collected 
from an H9 magnetically shielded Hall-effect thruster operated on 
krypton in VTF-2 at two power levels and three background pres
sures. Across nearly every signal pair and both operating condi
tions, the peak cross-mapping skill decreases monotonically with 
increasing chamber pressure, indicating that facility pressure mea
surably alters the causal relationships among these signals. Of the 
three, Vdis consistently produces the strongest cross-maps of the 
other two and is, therefore, the most dynamically informative of 
the signals analyzed here, although its relationship to Vcg appears 
to be indirect rather than direct.

The reductions in peak cross-mapping skill reported here are 
modest in absolute magnitude but monotonic across signal pairs, 
and—particularly at 6 kW, where the breathing-mode contribution 
elevates the baseline through generalized synchrony—can be inter
preted as a deterioration of pair-specific causal information rather 
than a numerical artifact. We emphasize that the primary contri
bution of this work is the continued development of the eCCM 
framework as a tool for characterizing dynamic relationships in 
Hall-effect thruster telemetry; rigorous connection of the observed 
causal trends to specific discharge physics will require 
co-measured dynamic plasma property data and coupling to 
physics-based models, which we leave to future work. While these 
results quantify how causal coupling between telemetry signals 
evolves with chamber pressure over the tested range, they are not 
intended to provide a direct means of extrapolating thruster 
dynamics to on-orbit pressure levels. Instead, they are intended to 
provide an empirical baseline against which future dynamic, 
physics-based models can be developed, tested, and refined.

The practical implication is that signal selection performed in 
one facility environment may not preserve the same dynamic 
information in another: because Icath, Vdis, and Vcg all exhibit 
pressure-sensitive causal coupling, data-driven models that rely on 
these signals should be validated across facilities or across a range 
of chamber pressures before their causal assumptions are carried 
over. Where the available measurement set is constrained, as in 
most flight-representative testing, eCCM provides a quantitative 
basis for selecting signals whose dynamic relationships are stron
gest under the conditions of interest, and for flagging those whose 
coupling is most vulnerable to environmental change. Expansion 
of the analyzed signal set to include high-speed in-vacuum probes 
and optical diagnostics, and direct comparison between grounded- 
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and floated-body configurations are identified as natural follow-on 
studies.
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APPENDIX: EXAMPLE WITH GENERAL SYNCHRONY
To evaluate our eCCM analysis, we use an example problem 

in which a delayed response between variables can be controlled 
to assess proper identification via the time shift, l, in the eCCM 
process. We use a set of equations that contain two variables X 
and Y, driven by a third causal variable Z with a delay k in the 

response of X to Z,

Z(tþ 1) ¼ Z(t)(Az � AzZ(t)),
Y(t þ 1) ¼ Y(t)(Ay � AyY(t) � ByzZ(t)),
X(t þ 1) ¼ X(t)(Ax � AxX(t) � BxzZ(t � k)):

(A1) 

To generate the time series data used for evaluating our 
eCCM framework, all coefficients are kept the same, Az = 3.8, 
Ay = 3.1, Ax = 3.1, Byz = 0.9, Bxz =  0.5, and the initial values of X 
(0), Y(0), Z(0) = 0.3. The cross-mapping and time shift plots of all 
variables correctly identified a causal relationship with appropriate 
directional shifts for Y and X both influenced by Z. However, this 
process highlighted a key result. In a case where two variables, 
such as X and Y, are strongly driven by a third common variable Z 
with differing delay in response (when k = 2), an apparent causal 
relationship between the indirect variables can be observed, with a 
time shift corresponding to the response disparity between the 
two variables to the common driver. This is especially relevant to 
systems where it is possible that not all system variables would be 
evaluated in the causal network, such as in our use of a limited 
subset of telemetry signals. In the example problem where all vari
ables are reconstructed by one another, the reconstructions are 
still lower in quality than those of the correct causal directions 
Z → X and Z → Y. However, when the direct relationships among 
all system variables cannot be evaluated, ambiguity may arise in 
the causal relationships inferred solely from time-shift data and 
reconstruction quality. As a result, we must understand that appar
ent causal (unidirectional or bidirectional) relationships with 
appropriate time delays may also arise from indirect relationships 
between variables that share a common driving variable with dif
fering response delays.

For our analysis of the time series generated from Eq. (A1), 
we also conducted a parametric sweep to identify optimal embed
ding parameters for each signal set. Interestingly, the optimal 
value τ was 2 in all reconstructions, while the embedding dimen
sion varied depending on the signals being reconstructed: the 
optimal embedding dimension was 4 for reconstructions in 
the correct causal direction and 5–6 (occasionally 7 when k = 2) 
in the opposite direction. This increase in dimension can broaden 

FIG. 12. Extended cross-mapping results of Eq. (A1) with the delay k = 0, with ambiguous results of how X and Y relate to each other (a), but with accurate identifica
tion of Z’s causal effect on X and Y [(b) and (c)].
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out the width of the higher cross-mapping skill vs time shift, as 
seen in Figs. 12 and 13; however, the correct delays were still 
identified.

The first application of the eCCM on the time series generated 
from Eq. (A1) with no response delay (k = 0) is shown in Fig. 12. 
Plots (b) and (c) show the correct identification of the causal direc
tion, with the highest reconstruction quality occurring for X and Y 
cross-mapping Z, with a negative shift. This indicated a strong unidi
rectional causal relationship. The time shift in the forward direction 
appears to slightly over predict, which may be due to the increased 
dimensionality of the embeddings used to reconstruct signals in the 
non-causal direction, as well as the centering of the embedding as 
discussed in Ref. 17. The reconstructions of X and Y cross-mapping 
one another are both forward-shifted, indicating an inconclusive 
result, as may be expected for indirect variables driven by a strong 
common driver.

The response delay of X to Z in Eq. (A1) was changed to 
k = 2, and all three signals were cross-mapped again, with the 
optimum embedding dimension found for each signal being cross- 
mapped, shown in Fig. 13. The correct identification of the time 
delay and causal direction for X and Y cross-mapping Z are shown 
in plots (b) and (c). However, unlike the results with k = 0, when 
k = 2, the result of X cross-mapping Y appears to indicate a causal 
relationship with no time shift. Were it not for the tightly coupled 
unidirectional relationship in plots (b) and (c), one might incor
rectly attribute the relationship Y → X, due to the disparity 
between the two variables’ responses to Z, between the two vari
ables. This result should be kept top of mind when an incomplete 
set of system variables is examined: causal relationships identified 
in a subset of system signals may result from indirectly related var
iables that share a common driver with a response disparity.
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