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Abstract: This work presents a robust nondimensionalization of the Hall effect thruster 

discharge and its facility effects. We define 23 nondimensional discharge parameters and five 
nondimensional facility effect parameters that are independent and are intended to capture all the 
relevant physics of the discharge and facility effects for atomic propellants. From the nondimensional 
discharge parameters, we find that exact similarity is only possible between thrusters if wall effects are 
negligible. We also define novel approximate similarity laws based on three nondimensional 
parameters in addition to geometric similarity that can cover a larger range of discharge powers and 
operation on different propellants. The similarity laws for different propellants suggest that HETs may 
not need to be redesigned to operate at similar operating conditions between different propellants. We 
then develop a nondimensional framework to analyze existing studies of vacuum facilities that 
combines the nondimensional facility parameters with the nondimensional discharge parameters and 
defines five new nondimensional facility effect parameters. We use this framework to reduce the 
dimensionality of existing data of thrust as a function of facility background pressure at different 
discharge conditions. Specifically, at low background pressures, the normalized thrust as a function of 
certain nondimensional facility effects is within measurement uncertainty between discharge 
conditions that differ by either anode mass flow rate, discharge voltage, or cathode flow fraction. This 
nondimensional framework could be used to design experiments to find a correction for thrust at a 
given background pressure that can be applied to a wide range of discharge conditions.

 

I. Introduction 

Hall effect thrusters (HETs) have significant flight heritage, but the underlying physics of their operation is poorly 
understood, such that there is no fully predictive model of HET performance and lifetime. As a result, HET designs 
have evolved through decades of incremental improvement through experiments to achieve their current level of 
performance. However, this reliance on experiments has led to two active problems in HET development. First, HETs 
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are most efficient within a specific range of power levels and on certain propellants, e.g., xenon and krypton, so it is 
unclear how to best design HETs for different power levels and propellants. Second, the vacuum facility background 
pressure during HET experiments has been shown to affect HET performance [1-6], and the background pressure is 
orders of magnitude greater than that in space, so it is unclear how to relate HET performance on the ground to 
performance in space. 

The conventional wisdom is that in the absence of a fully predictive HET model, progress on these two fronts 
must be made incrementally through experiments, which is very costly. For extending HET design to different power 
levels, this includes considering alternative HET designs [7-11] and improving them over time, while for developing 
HET designs for different propellants, this may include checking whether small design changes can improve HET 
performance on different propellants [12-15]. In addition, for pressure facility effects, this incremental progress has 
typically been achieved by separately characterizing the dependence of HET performance on the background pressure 
for different thrusters and by building newer vacuum chambers with higher pumping speeds. In addition, vacuum 
chambers with even higher pumping speeds than the current state-of-the-art will be needed to flight qualify high-
power (> 20 kW) HETs. 

Alternative approaches that do not rely on a complete understanding of HET physics are thus necessary to reduce 
the costs of solving the problems of HET scaling and pressure facility effects. To that end, this work presents a robust 
nondimensionalization of the HET discharge and facility effects. Even in the absence of a fully predictive HET model, 
a robust nondimensional framework can capture all the relevant physics of the HET and facility effects. 

There have been several attempts to use nondimensional parameters to derive theoretical HET scaling laws [16-
21], and similarity theory has also been developed for other low-temperature plasma devices [22-24]. Early work by 
Morozov [16] defined the ratio of the ionization mean free path to the channel length as a key nondimensional 
parameter and found that thruster efficiency was largely a function of just this one parameter across HET operation 
with different propellants. Ref. 16 also identified the ratio of the ionization energy to the discharge voltage as an 
important nondimensional parameter but acknowledged that more nondimensional parameters influenced the 
discharge. Later, Ref. 17 considered the ratio of the electron Larmor radius to the channel length as a fundamental 
nondimensional parameter, and Ref. 20 considered the ratio of the electron cyclotron frequency to the classical 
electron-neutral collision frequency. 

However, given the numerous physical phenomena in a HET, more nondimensional parameters are required to 
describe the nondimensional HET discharge accurately. In particular, given the significance of anomalous electron 
transport (AET) in the HET discharge and the absence of a closure model for it, an accurate nondimensionalization of 
the HET discharge must account for all physical phenomena that could contribute to AET. In addition, high-power 
HETs have operated at higher voltages and higher current densities than nominal values. As such, it is important to 
consider as many physical phenomena as is reasonable to evaluate how the relative importance of different phenomena 
may change in different regimes of HET operation. In addition to the typical phenomena considered in the 
nondimensional parameters of a HET discharge, our nondimensional approach will also be general enough to account 
for anomalous electron transport, doubly charged ions, induced magnetic field, and non-equilibrium effects. 

After defining an independent set of nondimensional parameters, we will then present similarity laws for the HET 
discharge. These similarity laws describe how the discharge parameters and thruster size must change to have constant 
nondimensional parameters; exact similarity would ensure constant efficiencies across the discharge conditions or 
HET designs. We differentiate these from scaling laws, as theoretical scaling laws make some assumptions to describe 
how HET efficiency is a function of nondimensional parameters. 
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Regarding pressure facility effects, the dependence of thrust on the background pressure has received the most 
attention, but the background pressure is also known to affect HET stability [5,6], discharge current [1], and lifetime 
[25]. Different HETs and different discharge conditions on the same HET have different pressure dependences on 
thrust [1-6, 26, 27], which complicates defining a criterion for an acceptable background pressure for qualification 
testing. However, there has been little effort to reconcile the different pressure dependences on thrust. For this purpose, 
we will define nondimensional parameters to describe facility effects and present a nondimensional framework to 
analyze existing pressure studies. Such a method can be used to experimentally determine a nondimensional correction 
to thrust as a function of background pressure that is applicable to a wide range of discharge conditions. 

The paper is organized as follows. Section II will present the nondimensional HET parameters, justify the use of 
these nondimensional parameters by presenting the nondimensional fluid description of a HET, and define the 
nondimensional facility parameters. In Section III, we will describe the nondimensional framework used to analyze 
pressure studies, and Section IV will show similarity laws based on the nondimensional HET parameters that can be 
used to scale the HET discharge condition and HET size between discharge powers and propellants. Lastly, in Section 
V, we will apply the nondimensional to existing pressure studies and discuss the results with regard to experimental 
design and the possibility of reducing the dimensionality of HET pressure facility effects. 

II. Theory 
A. Nondimensional HET Discharge 

The nondimensionalization of the HET discharge is carried out in three steps: First, determine the set of 
parameters, i.e., operating condition, that determines the dimensional HET discharge; second, define the reference 
plasma properties as a function of the operating condition; third, define an independent set of nondimensional 
parameters as a function of the reference plasma properties that satisfy the Buckingham 𝜋 Theorem. After these three 
steps, we then present the nondimensional fluid equations of electrons, ions, and neutrals to see the qualitative effect 
of the nondimensional parameters on the HET discharge dynamics. We choose to follow the above approach, instead 
of first nondimensionalizing the fluid equations and seeing which nondimensional parameters appear, to account for 
kinetic and electromagnetic effects that would not be captured in the typical fluid formulation of a HET discharge. 
However, it will be shown in Section II.B.1 that the nondimensionalization fluid equations in a HET are completely 
described by the nondimensional parameters defined in this section. In addition, the nondimensional kinetic equations 
in a HET, found in Refs. 21 and 28, are also completely defined by the nondimensional parameters defined in this 
section. 

We group the parameters that define the dimensional operating condition into the following four groups, shown 
in Tables 1-4: discharge parameters, channel parameters, cathode parameters, and propellant parameters. Table 1 
includes the channel wall potential for the case of a conducting channel wall where a known bias can be applied. The 
channel parameters are those of an annular discharge channel, and if alternative geometries are used, then additional 
parameters should be specified. We note that 𝑅௞௣ = 0 for a center-mounted cathode and that 𝜎ௌாா depends on the 

propellant and local reduced electric field at the wall [29]. Regarding the cathode parameters, we acknowledge the 
importance of the internal parameters of the cathode, such as the work function of the emitter and the internal geometry 
of the cathode. Still, we will exclude these parameters from the main analysis because they are typically not reported 
alongside HET data. Regarding the propellant parameters, the second ionization energy, excitation energies, and 
excitation cross sections are expected to be important but are neglected for the main analysis because their inclusion 
in the electron energy equation is a straightforward extension from the formulation used for the first ionization. Lastly, 
we define the set of fundamental constants in Table 5. 
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Table 4. Dimensional propellant parameters 

Variable Definition 

𝑚௣ Propellant mass 

𝜀௜௭ଵ First ionization energy 

𝜎௜௭ଵ(𝐸) 
Electron-impact first ionization 

cross section function 

𝜎௜௭ଶ(𝐸) 
Electron-impact second 

ionization cross section function 

𝜎௘௡(𝐸) 
Electron-neutral elastic collision 

cross section function 

𝜎஼ா௑(𝐸) 
Charge exchange cross section 

as a function 

𝜎௡௡ Neutral-neutral elastic collision 
cross section 

 

Table 5. Fundamental constants 

Variable Definition 

𝑚௘ Electron mass 

𝑒 Elementary charge 

𝑘஻ Boltzmann constant 

𝜀଴ Vacuum permittivity 

𝜇଴ Vacuum permeability 

 

Table 1. Dimensional discharge parameters 

Variable Definition 

𝑉ௗ Discharge voltage 

𝑚̇௔ Anode mass flow rate 

𝐵ሬ⃑ (𝑟, 𝑧) Magnetic field topology 

𝑇௪ Thruster wall 
temperature 

𝜙஻ Thruster body potential 

𝜙௪ Channel wall potential 

 

Table 2. Dimensional channel parameters 

Variable Definition 

𝐿௖௛ Channel length 

𝑊௖௛ Channel width 

𝐷௖௛ Channel mean diameter 

𝜎ௌாா  
Secondary electron 

emission coefficient of 
channel wall material 

 
Table 3. Dimensional cathode parameters 

Variable Definition 

𝑚̇௖ Cathode flow rate 

𝑊௞௣ Keeper inner diameter at 
keeper exit plane 

𝑅௞௣ 
Radial location of the keeper 

centerline with respect to 
thruster centerline 
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The definition of the reference plasma properties is the most important step for obtaining accurate relationships 
between the operating condition and physical phenomena in the HET. We define two reference applied magnetic field 
strengths, the maximum radial magnetic field along the channel centerline, 𝐵௥଴, and the axial magnetic field along the 
channel centerline at the location of 𝐵௥଴, 𝐵௭଴. The reference electric field is 𝐸଴ = 𝑉ௗ/𝐿௖௛, and we define the reference 

temperatures for electrons and neutrals as 𝑇௘଴ =
௏೏

ଵ଴
 and 𝑇௡଴ = 𝑇௪, respectively, where 𝑇௘଴ is in eV. We also define the 

reference electron temperature at the channel wall as 𝑇௘௪,଴ = 𝑇௘଴ for unshielded HETs and 𝑇௘௪ = ೐்బ

ଵ଴
 for magnetically 

shielded HETs. We then define the reference neutral velocity, the two reference ion velocities, and the three reference 
electron velocities as 

𝑢௡଴ = ට
଼௞ಳ்ೢ

గ௠೛
, 𝑢௜଴ =  ට

ଶ௘௏೏

௠೛
, 𝑢௜௪଴ = ට

௘ ೐்ೢ

௠೛
, 𝑢௘ఏ଴ =

௏೏

௅೎೓஻ೝబ
, 𝑢௘,௧௛଴ = ට

଼௘ ೐்బ

గ௠೐
 (1) 

where 𝑢௜଴ is the reference axial ion velocity, 𝑢௜௪  is the reference Bohm velocity, 𝑢௘ఏ  is the reference azimuthal 
electron drift velocity, and 𝑢௘,௧௛଴ is the reference electron thermal velocity. We also define the reference axial electron 

drift velocity as 𝑢௘௭ = 𝑢௜଴. In the absence of a closure model for anomalous electron transport, we believe that 𝑢௜଴ is 
the most representative reference value for the axial electron drift velocity given quasineutrality and current 
conservation in the plume. From the reference velocities, we define the reference neutral and ion number densities in 
the channel as 

 
Figure 1. Schematic of an annular HET. Geometric parameters 𝑳𝒄𝒉, 𝑾𝒄𝒉, 𝑫𝒄𝒉, 𝑾𝒌𝒑, and 𝑹𝒌𝒑 are shown.  



 
 

 

The 39th International Electric Propulsion Conference, Imperial College 
London, London, United Kingdom 14-19 September 2025 

Copyright 2025 by the Electric Rocket Propulsion Society. All rights 
reserved. 

Page 6 
 

 

𝑛௡଴ =  
௠̇ೌ

ௐ೎೓஽೎೓ඥ଼గ௠೛௞ಳ்ೢ
, 𝑛௜଴ =

௠̇ೌ

గௐ೎೓஽೎೓ඥଶ௠೛௘௏೏
 (2) 

and we define the reference electron density in the channel as 𝑛௘଴ = 𝑛௜଴. 

Next, we define the reference first ionization rate coefficient as 𝑘௜௭ଵ,଴ =  〈𝜎௜௭ଵ𝑣௘〉(𝑇௘), where 〈𝜎௜௭ଵ𝑣௘〉(𝑇௘଴) 

represents the product of 𝜎௜௭ଵ and the electron velocity, averaged over a Maxwell-Boltzmann electron speed 
distribution evaluated at an electron temperature of 𝑇௘଴. The rate coefficients for second ionization and elastic electron 
neutral collisions, 𝑘௜௭ଶ,଴ and 𝑘௘௡଴, are defined similarly. We also define the reference charge exchange rate coefficient 

as 𝑘஼ா௑,଴ =  𝜎஼ா௑|௨೔బ
𝑢௜଴, where 𝜎஼ா௑|௨೔బ

 is equal to 𝜎஼ா௑  evaluated at 𝑢௜଴, and the reference electron-electron 

Coulomb collision rate coefficient is 𝑘௘௘଴ =
ଵ

ఌబ
మ ට

௘ఱ

గయ௠೐ ೐்బ
య . Lastly, we consider the reference magnetic field induced by 

the reference Hall current. To first order, we approximate the Hall current as an infinitely thin current loop with current 
𝑒𝑛௘଴𝑢௘ఏ଴𝐿஻௥𝑊௖௛ and diameter 𝐷௖௛, which creates a reference induced magnetic field at the thruster centerline of 

𝐵௜௡ௗ =  
ఓబ௘௡೐బ௨೐ഇబ௅ಳೝௐ೎೓

஽೎೓
=

ఓబ௠̇ೌ

஽೎೓
మ ஻ೝబ

ට
௘௏೏

ଶ௠೛
 . (3) 

Arriving at the nondimensional HET parameters, we again separate them into five groups, namely discharge 
parameters (𝐴ଵ-𝐴଼), channel parameters (𝑇ଵ-𝑇ଷ), cathode coupling parameters (𝐶ଵ-𝐶ଷ), propellant parameters (𝑃ଵ-𝑃଺), 
and electrical configuration parameters (𝐵ଵ and 𝐵ଶ). These parameters are defined in Table 6 and are expressed in 

terms of the discharge condition, assuming 𝑛௘଴ = 𝑛௜଴, 𝑢௘௭଴ = 𝑢௜଴, and 𝑇௘ =
௏೏

ଵ଴
. For the nondimensional discharge 

parameters, we preliminarily define them as ratios of characteristic plasma parameters, where in addition to the ones 

defined above, we also define the reference neutral ionization mean free path, 𝜆௜௭଴ ≡
௨೙బ

௡೐బ௞೔೥
, the reference electron 

cyclotron frequency, 𝜔௖௘଴ ≡
௘஻ೝబ

௠೐
, the reference plasma frequency, 𝜔௣௘ ≡ ට

௠೐௡೐బ

ఌబ௘మ , the reference electron Larmor 

radius, 𝑟௘଴ ≡
௨೐,೟೓బ

ఠ೎೐
, the reference mean free path for electron-electron Coulomb collisions, 𝜆௘௘ ≡

௨೐೥

௡೐బ௞೐೐
, and the 

reference mean free path for neutral-neutral elastic collisions, 𝜆௡௡ ≡
ଵ

௡೙బఙ೙೙
. For the propellant parameters, to define 

nondimensional collision cross-section functions, we first define a reference collisional cross-section, 𝜎௘௡(𝑈଴), where 
𝑈଴ = 10 eV is chosen arbitrarily for the reference energy. While we exclude internal cathode parameters from future 
consideration, to further nondimensionalize the cathode behavior, we could include the aspect ratios of the internal 
cathode geometry, and the ratio of the emitter work function to the HET’s discharge voltage. 

It can be shown that the set of nondimensional parameters defined in Table 6 is independent. In addition, without 
loss of generalization, the HET discharge can be defined by 22 physical variables if we only consider 𝜎௡௡, 𝑘௜௭ଵ,଴, and 

𝑘௘௘  among the collisional variables, consider 𝑘஻𝑇௪ as a single variable, and only consider 𝐵௥଴ and 𝐵௭଴ instead of the 
entire magnetic field topology. Then, the 18 nondimensional variables of 𝐴ଵ-𝐴଼, 𝐶ଵ-𝐶ଷ, 𝑇ଵ-𝑇ଷ, 𝑃ଵ, 𝑃ଶ, 𝐵ଵ, and 𝐵ଶ 
satisfy the condition of the Buckingham 𝜋 theorem for the minimum set of independent parameters that describe the 
HET discharge, considering the four base dimensions of length, time, mass, and electrical current. We also note that 
the extension of the nondimensional parameters to include molecular propellants and additional collisional processes 
is straightforward. 
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Table 6. Nondimensional variables of a HET. 𝑨𝟏-𝑨𝟕 are defined by ratios of characteristic properties. 𝑨𝟏-
𝑨𝟕 are then expressed as a function of the discharge conditions, which requires assumptions to relate the 
characteristic properties to the HET discharge condition. 𝑨𝟖-𝑩𝟐 are defined by the HET discharge 
condition. 

Nondimensional 
Variable 

Definition in terms of 
characteristic properties 

Expression in terms of 
discharge condition 

𝐴ଵ 
ఒ೔೥బ

௅೎೓
  ௐ೎೓஽೎೓ඥଵ଺గ௞ಳ்ೢ ௘௏೏

௠̇ೌ௞೔೥భ,బ௅೎೓
  

𝐴ଶ 
௥೐బ

௅೎೓
  ଵ

஻బ௅೎೓
ට

ସ௠೐௏೏

ହగ௘
  

𝐴ଷ 
ఠ೛೐బ

ఠ೎೐బ
  ଵ

஻ೝబ
ට

௠೐௠̇ೌ

ఌబగௐ೎೓஽೎೓ඥଶ௠೛௘௏೏
  

𝐴ସ 
௨೙బ

௨೔బ
  ට

ସ௞ಳ்ೢ

గ௘௏೏
  

𝐴ହ 
ఒ೐೐బ

௅೎೓
  ௐ೎೓஽೎೓

௠̇ೌ

ఌబ
మ

௅೎೓

ටగఱ௠೐௏೏
ఱ

ଶହ଴௘య
  

𝐴଺ 
ఒ೙೙బ

௅೎೓
  ௐ೎೓஽೎೓ඥ଼గ௠೛௞ಳ்ೢ

௅೎೓ఙ೙೙௠̇ೌ
  

𝐴଻ 
஻೔೙೏

஻ೝబ
  ఓబ௠̇ೌ

గ஽೎೓
మ ஻ೝబ

మ ට
௘௏೏

ଶ௠೛
  

𝐴଼ - ஻ೝబ

஻೥బ
  

𝐶ଵ - ௠̇೎

௠̇ೌ
  

𝐶ଶ - ோೖ೛

ௐೖ೛
  

𝐶ଷ - ஽೎೓

ௐೖ೛
  

𝑇ଵ - ௅೎೓

ௐ೎೓
  

𝑇ଶ - ௐ೎೓

஽೎೓
  

𝑇ଷ - 1 −  𝜎ௌாா 

𝑃ଵ - 
௠೐

௠೛
  

𝑃ଶ - 
ఌ೔೥

௏೏
  

𝑃ଷ - ఙ೔೥భ(ா)

ఙ೐೙(௎బ)
  

𝑃ସ - ఙ೐೙(ா)

ఙ೐೙(௎బ)
  

𝑃ହ - ఙ೔೥మ(ா)

ఙ೐೙(௎బ)
  

𝑃଺ - ఙ಴ಶ೉(ா)

ఙ೐೙(௎బ)
  

𝐵ଵ - థಳ

௏೏
  

𝐵ଶ - థೢ

௏೏
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In addition, it is important to consider the nondimensional magnetic field topology defined by 𝐴ଽ ≡
డ஻ೝ

∗

డ௥∗ =
஽೎೓

஻ೝబ

డ஻ೝ

డ௥
, 

𝐴ଵ଴ ≡
డ஻೥

∗

డ௭∗ =
௅೎೓

஻೥బ

డ஻೥

డ௭
, 𝐴ଵଵ ≡

డ஻ೝ
∗

డ௭∗ =
௅೎೓

஻ೝబ

డ஻ೝ

డ௭
, and 𝐴ଵଶ ≡

డ஻೥
∗

డ௥∗ =
஽೎೓

஻೥బ

డ஻೥

డ௥
, where 𝑧∗ ≡

௭

௅೎೓
 is the nondimensional axial 

coordinate and 𝑟∗ ≡
௥

஽೎೓
 is the nondimensional radial coordinate. 𝐴଼𝑇ଵ𝑇ଶ must be the same between two magnetic 

fields for them to have the same nondimensional topology, since 𝐴଼𝑇ଵ𝑇ଶ governs the nondimensional divergence-free 
condition of the magnetic field. It will also be useful to define some extra nondimensional parameters for the 

propellant. For the propellant, we can define 𝑃଻ ≡
௞೔೥భ,బ

௞೐೙
, 𝑃 ≡

௞೔೥భ,బ

௞೔೥మ,బ
, 𝑃ଽ ≡

௞೔೥భ,బ

௞಴ಶ೉,బ
, 𝑘௜௭ଵ

∗ (𝑇௘
∗) =

௞೔೥భ( ೐்)

௞೔೥బ
, 𝑘௜௭ଶ

∗ (𝑇௘
∗) =

௞೔೥ ( ೐்)

௞೔೥మ,బ
,  𝑘௘௡

∗ (𝑇௘
∗) =

௞೐೙( ೐்)

௞೐೙బ
, and 𝑘஼ா௑

∗ (𝑢௜
∗) =

௞಴ಶ೉(௨೔)

௞಴ಶ೉,బ
, which depend on 𝑃ଷ, 𝑃ସ, 𝑃ହ, and 𝑃଺ for a given 𝑇௘଴ and 𝑢௜଴, and 

where 𝑇௘
∗ = ೐்

೐்బ
 and 𝑢௜

∗ =
௨೔

௨೔బ
 are the nondimensional electron temperature and ion velocity. 

Furthermore, the expressions in Table 6 for 𝐴ଵ, 𝐴ଶ, 𝐴ଷ, 𝐴ହ, and 𝐴଻ depend on the definitions of 𝑛௘଴ = 𝑛௜଴, 𝑢௘௭ =

𝑢௜଴, and 𝑇௘଴ =
௏೏

ଵ଴
. These nondimensional parameters could be corrected by factors of 

௡೐బ

௡೔బ
, 

௨೐೥

௨೔బ
, and 

ଵ଴ ೐బ

௏೏
, which could 

be found from a 0D electron model of the thruster discharge. However, such corrections would be functions of the 
previously defined nondimensional parameters. As a result, if we are only concerned with defining a set of independent 

nondimensional parameters that fully describe the HET discharge, then corrections for 
௡೐బ

௡೔బ
, 

௨೐೥

௨೔బ
, and 

ଵ଴ ೐்బ

௏೏
 are not 

necessary, but if we want to accurately describe how nondimensional HET discharge phenomena scale with 

dimensional HET operating parameters, then the corrections for 
௡೐బ

௡೔బ
, 

௨೐೥బ

௨೔బ
, and ೐்బ

௏೏
 are necessary. As such, when 

nondimensionalizing the fluid equations in the next section, we will not assume definitions for 
௡೐బ

௡೔బ
, 

௨೐೥

௨೔బ
, and ೐்బ

௏೏
. 

Before continuing, it is useful to consider how other nondimensional parameters that may be important are related 

to the parameters defined in Table 6. For example, the reference classical electron Hall parameter is 
ఠ೎೐

௡೙బ௞೐೙
=

஺భ௉ళ

஺మඥ௉భ
 , 

the reference anomalous electron Hall parameter is 
௨೐ഇ

௨೐೥
~

஺మ

ඥ௉భ
, the ratio of the reference Debye length to the channel 

length is 
ఒವ೐,బ

௅೎೓
~

஺మ

஺య
, the reference azimuthal electron Mach number is 

௨೐ഇ

௨೐೟ ,బ
~𝐴ଶ, and the reference number of neutrals 

in the channel is 𝐿௖௛𝑊௖௛𝐷௖௛𝑛௡଴ =
஺ఱ஺య

ర
భ்
మ

஺మ
ర஺ర

ర௉భ
మ

మ்
. 

B. Nondimensional Analysis of HET Dynamics 
1. Nondimensional Fluid Equations for HET Discharge 

In this section, we will present the nondimensional fluid equations of the HET discharge to show that the 
nondimensional parameters defined in Section II.A do, in fact, describe the nondimensional fluid description of a HET 
discharge. The main caveat against focusing on the fluid description is that it does account for kinetic phenomena or 
finite-sheath effects. However, finite-sheath effects should be accounted for in our nondimensional parameters because 
ఒವ೐,బ

௅೎೓
=

஺మ

஺య
. In addition, non-Maxwellian kinetic effects should also be accounted for in our nondimensional parameters 

because 
஺ఱ௨೐೥

௨೔బ
 and 𝐴଺ are the reference Knudsen numbers for electrons and neutrals, the reference ion Knudsen 

number is 
ఒ೔೔,బ

௅೎೓
=

஺ఱ

ඥ௉భ
. Also, even though we assume an isotropic electron pressure tensor in the fluid equations, 𝐴ହ 
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should govern the relaxation to an isotropic electron pressure tensor and 
௨೐೥బఠ೎೐బ

௅೎೓
~

ଵ

஺మඥ௉భ

௨೐೥

௨೔బ
 should govern the 

relaxation to a gyrotropic electron pressure tensor [30]. 

Furthermore, even though a full treatment of kinetic instabilities in HETs is out of the scope of this work, it can 

be shown that 
௨೐ഇబ

௨೐೟೓,బ
~𝐴ଶ, 𝐴ଷ, and 𝑃ଵ govern the dispersion relation of the electron cyclotron drift instability (ECDI) 

presented in Ref. 31, so we believe the nondimensional behavior of kinetic instabilities in a HET should be described 
by our defined set of HET nondimensional parameters. Indeed, it is known that artificially changing the vacuum 
permittivity or ion mass in simulations can affect the behavior of the ECDI [32]. Lastly, fluid instabilities are also 
prevalent in a HET, but if our nondimensional parameters can describe the nondimensional fluid description of the 
HET discharge, then they can also describe the behavior of the nondimensional fluid instabilities in a HET. 

To gain a preliminary understanding of the nondimensional HET dynamics, it is sufficient to consider the 
following conservation equations: continuity equations of electrons, ions, and neutrals, axial momentum equation of 
electrons and ions, radial and azimuthal momentum equations of electrons, and the electron energy equation. To 
incorporate wall effects directly into the conservation equations instead of as boundary conditions and for simplicity, 
we consider 1D models for all conservation equations except for the radial electron momentum equation. In addition, 
we are primarily interested in describing global phenomena, so our reference length scale is channel length, and the 
reference time scale is that of neutral convection. We note that alternative length and time scales would be useful to 
find the nondimensional parameters that govern small-scale phenomena [28]. 

For the 1D models we used Ref. 33 as a reference for the continuity and momentum equations and Ref. 34 as a 
reference for the electron energy equation. For the continuity equations, we expanded on Ref. 33 by including single-
ionization of ions and charge-exchange collisions, such that the nondimensional 1D neutral, ion, and electron 
continuity equations are 

డ௡೙
∗

డ௧∗ +
డ(௡೙

∗ ௨೙೥
∗ )

డ௭∗ =  −
௡೐బ

௡೔బ஺భ
𝑛௘

∗𝑛௡
∗ 𝑘௜௭ଵ

∗ +
ଵ

஺భ௉వ
𝑛௜

∗𝑛௡
∗ 𝑘஼ா௑

∗ +
௡೐బ భ்

௡೔బ
ට

೐்ೢ,బ

଼௏೏
Γ௜௪

∗ , (4) 

 

𝐴ସ
డ௡೔

∗

డ௧∗ +
డ൫௡೔

∗௨೔೥
∗ ൯

డ௭∗ =
௡೐బ

௡೔బ஺భ
𝑛௘

∗𝑛௡
∗ 𝑘௜௭ଵ

∗  −
௡೐బ஺ర

௡೔బ஺భ௉ఴ
𝑛௜

∗𝑛௘
∗𝑘௜௭ଶ

∗ −
ଵ

஺భ௉వ
𝑛௜

∗𝑛௡
∗ 𝑘஼ா௑

∗ −
௡೐బ భ்

௡೔బ
ට

೐்ೢ,బ

଼௏೏
Γ௜௪

∗   (5) 

 

𝐴ସ
డ௡೐

∗

డ௧∗ +
௨೐೥బ

௨೔బ

డ(௡೐
∗ ௨೐೥

∗ )

డ௭∗ =
ଵ

஺భ
𝑛௘

∗𝑛௡
∗ 𝑘௜௭ଵ

∗ +
஺ర

஺భ௉ఴ
𝑛௜

∗𝑛௘
∗ 𝑘௜௭ଶ

∗ − 𝑇ଵට
೐்ೢ,బ

଼௏೏
Γ௜௪

∗ , (6) 

 

where 𝑛௡
∗ =

௡೙

௡೙బ
 is the nondimensional neutral density, 𝑛௜

∗ =
௡೔

௡೔బ
 is the nondimensional ion density, 𝑛௘

∗ =
௡೐

௡೔బ
 is the 

nondimensional electron density, 𝑢௡௭
∗ =

௨೙೥

௨೙బ
 is the nondimensional axial neutral velocity, 𝑢௜௭

∗ =
௨೔೥

௨೔బ
 is the 

nondimensional axial ion velocity, 𝑢௘௭
∗ =

௨೐೥

௨೔బ
 is the nondimensional axial electron velocity, 𝑡∗ =

௧௨೙బ

௅೎೓
 is the 

nondimensional time, and Γ௜௪
∗ =

ଶ୻೔ೢ

௡೐బ௨೔ೢబ
 is the nondimensional ion flux to the channel walls. For the ion momentum 

equation, unlike in Ref. 33, we do not account for the dispersion of axial ion velocities or for the neutral velocity, but 
we do account for the same collisional processes in the continuity equations, such that the nondimensional 1D ion 
momentum equation in conservative form is 
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𝐴ସ
డ൫௡೔

∗௨೔೥
∗ ൯

డ௧∗ +
డቀ௡೔

∗௨೔೥
∗ మ

ቁ

డ௭∗ =
 ଵ

ଶ
𝑛௜

∗𝐸௭
∗ −

௡೐బ஺ర

௡೔బ஺భ௉ఴ
𝑛௘

∗𝑛௜
∗𝑢௜௭

∗ 𝑘௜௭ଶ
∗ −

ଵ

஺భ௉వ
𝑛௜

∗𝑛௡
∗ 𝑢௜௭

∗ 𝑘஼ா௑
∗ −

௡೐బ భ்

௡೔బ
ට

೐்ೢ,బ

଼௏೏
𝑢௜௭

∗ Γ௜௪
∗ , (7) 

where 𝐸௭
∗ =

ா೥

ாబ
 is the nondimensional axial electric field. 

Regarding the 1D axial and azimuthal electron momentum equations, we have neglected the momentum gained 
from ionization of ions, and we have included the dominant inertia terms [35, 36], such that the nondimensional 1D 
axial and azimuthal electron momentum equations are 

𝑃ଵ𝐴ସ
௨೐೥బ

௨೔బ

డ(௡೐
∗ ௨೐೥

∗ )

డ௧∗ + 𝑃ଵ ቀ
௨೐೥బ

௨೔బ
ቁ

ଶ డቀ௡೐
∗ ௨೐೥

∗ మ
ቁ

డ௭∗ = −
ଵ

ଶ
𝑛௘

∗ 𝐸௭
∗ +

ଵ

ଶ
𝑛௘

∗𝑢௘ఏ
∗ 𝐵௥

∗ − ೐்బ

ଶ௏೏

డ(௡೐
∗

೐்
∗)

డ௭∗   
 

−
௨೐೥బ௉భ

௨೔బ஺భ௉ళ
𝑛௘

∗ 𝑛௡
∗ 𝑢௘௭

∗ 𝑘௘௡
∗ −

௨೐೥బ௉భ భ்

௨೔బ య்
ට

೐்ೢ,బ

଼௏೏
𝑢௘௭

∗ Γ௜௪
∗ , (8) 

஺మ
మ஺రହగ௨೔బ

ସ௨೐೥బ

డ൫௡೐
∗ ௨೐ഇ

∗ ൯

డ௧∗ +
஺మ

మହగ

ସ

డ൫௡೐
∗ ௨೐೥

∗ ௨೐ഇ
∗ ൯

డ௭∗ = −𝑛௘
∗𝑢௘௭

∗ 𝐵∗ − 𝑛௘
∗𝑢௘ఏ

∗ 𝜈௔
∗   

−
ହగ஺మ

మ௨೔బ

ସ஺భ௉ళ௨೐೥బ
𝑛௘

∗ 𝑛௡
∗ 𝑢௘ఏ

∗ 𝑘௘௡
∗ − ට

೐்ೢ,బ

଼௏೏

ହగ஺మ
మ

భ்௨೔బ

ସ య்௨೐೥బ
𝑢௘ఏ

∗ Γ௜௪
∗ , (9) 

 

where 𝑢௘ఏ
∗ =

௨೐ഇ

௨೐ഇ
 is the nondimensional azimuthal electron drift velocity, 𝐵௥

∗ =
஻ೝ

஻ೝబ
 is the nondimensional radial 

magnetic field, and 𝜈௔
∗ =

ఔೌ௨೐ഇబ

ఠ೎೐బ௨೐೥
 is the nondimensional anomalous electron collision frequency. For simplicity, we 

neglect ion-electron momentum transfer collisions in the nondimensional momentum equations. For the radial electron 
momentum equation, we include the centrifugal force and a non-negligible axial magnetic field, such that the 
nondimensional radial electron momentum equation is 

ଶ஺ర௉భ௨೐೥బ

௨೔బ

డ(௡೐
∗ ௨೐ೝ

∗ )

డ௧∗ −
஺మ

మ஺ఴ భ் మ்ହగ

ସ

௡೐
∗ ௨೐ഇ

∗మ

௥∗ = −𝑛௘
∗ 𝐸௥

∗ − 𝑛௘
∗𝑢௘ఏ

∗ 𝐵௭
∗   

− ೐்బ஺ఴ భ்

௏೏

డ(௡೐
∗

೐்
∗)

డ௥∗ +
ଶ௉భ௨೐೥బ

஺భ௉ళ௨೔బ
𝑛௘

∗ 𝑛௡
∗ 𝑢௘௥

∗ 𝑘௘௡
∗ , (10) 

 

where 𝐸௥
∗ =

ாೝ஻ೝబ

ாబ஻೥బ
 is the nondimensional radial electric field, 𝐵௭

∗ =
஻೥

஻೥బ
 is the nondimensional axial magnetic field, and 

𝑢௘௥
∗ =

௨೐ೝ஻ೝబ

௨೐೥஻೥బ
 is the nondimensional radial electron velocity. In addition, to accurately represent the radial dynamics 

within the discharge channel, we define 
డ

డ௥∗ = 𝑊௖௛
డ

డ௥
. Lastly, to the 1D electron energy equation in Ref. 34, we add 

cross-field thermal conductivity and the loss terms due to thermalization with ions and neutrals, but we neglect electron 
inertia, such that the nondimensional 1D electron energy equation is 
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஺ర௨೔బ ೐்బ

௨೐೥బ௏೏

డቀ
య

మ
௡೐

∗
೐்
∗ቁ

డ௧∗ + ೐்బ

௏೏

డቀ
ఱ

మ
௡೐

∗ ௨೐೥
∗

೐்
∗ቁ

డ௭∗ = 𝑛௘
∗ 𝑢௘௭

∗ 𝐸௭
∗ −

௉మ௨೔బ

஺భ௨೐೥బ
𝑛௘

∗ 𝑛௡
∗ 𝑘௜௭ଵ

∗   
 

− ቀ ೐்ೢ,బ

௏೏
ቁ

య

మ భ்

య்√଼
൤1 + ln ൬𝑇ଷට

ଵ

ଶగ௉భ
൰൨ Γ௜௪

∗ 𝜀௪
∗ −

஺మ௨೔బ

஺భ௉ళ௨೐೥బ

డ

డ௭∗ ቀ𝜅௭
∗ డ ೐்

∗

డ௭∗ቁ   

−
௉భ௡೔బ ೐்బ

஺ఱ௡೐బ௏೏√ଶ
𝑛௘

∗ 𝑛௜
∗𝑘௘௜,ఌ

∗ 𝑇௘
∗ −

௉భ௨೔బ ೐்బ

஺భ௉ళ௨೐೥బ௏೏
𝑛௘

∗ 𝑛௡
∗ 𝑘௘௡,ఌ

∗ 𝑇௘
∗, (11) 

 

where 𝜀௪
∗ =

ఌೢ

೐்ೢ,బ൥ଵା୪୬ (ଵିఙೄಶಶ)ට
೘೛

మഏ೘೐
൱  ൩

 is the nondimensional average electron energy lost at the channel walls, 𝜅௭
∗ =

఑೥஻ೝబ
మ

௠೐௡೐బ ೐்బ௡೙బ௞೐೙బ
 is the nondimensional classical cross-field electron thermal conductivity, 𝑘௘௜,ఌ

∗ =
௞೐೔,ഄ√ଶ௠೛

௞೐೐బ௠೐
 is the 

nondimensional electron-ion energy transfer collision rate, and 𝑘௘௡,ఌ
∗ =

௞೐೙,ഄ௠೛

௞೐೙ ௠೐
 is the nondimensional electron-neutral 

energy transfer collision rate. In Eq. 11, without loss of generality, we have neglected inelastic losses due to excitation 
and ionization of ions, only included electron-neutral collisions to define 𝜅௭

∗, and assumed negligible neutral and ion 
temperatures. 

2. Physical Relevance of Nondimensional Discharge Parameters 

From Eqs. 4-11, the nondimensional parameters that define the axisymmetric nondimensional fluid description 
of the HET discharge are 𝐴ଵ, 𝐴ଶ, 𝐴ସ, 𝐴ହ, 𝐴଼, 𝑇ଵ, 𝑇ଶ, 𝑇ଷ, 𝑃ଵ, 𝑃ଶ, 𝑃଻, 𝑃 , and 𝑃ଽ. In particular, ratios of characteristic 
processes in a HET in terms of the nondimensional parameters are shown in Table 7. Using characteristic HET 

parameters of 𝑉ௗ = 300 𝑉, 𝐵௥଴ = 200 𝐺, 
௠̇ೌ

గௐ೎೓஽೎೓
= 10ିଷ ௞௚

௦∙௠మ, 𝐿௖௛ = 30 𝑚𝑚, 𝑊௖௛ = 30 𝑚𝑚, 𝐷௖௛ = 100, 𝑇௪ =

500 𝐾, 𝜎ௌாா = 0.5, and xenon as the propellant, then 𝐴ଵ = 0.28 , 𝐴ଶ = 0.11, 𝐴ସ = 1.4 × 10ିଶ , 𝑇ଵ = 1, 𝑇ଶ = 0.3, 
𝑇ଷ = 0.5, 𝑃ଵ = 4.1 × 10ି଺, 𝑃ଶ = 0.04, 𝑃଻ = 0.22,  𝑃 = 2.4, 𝑃ଽ = 7.3. To calculate 𝐴ଵ, 𝑃଻, and 𝑃ଽ  for xenon, we 

used the expressions in Ref. 37 of 𝜎஼ா௑ = 10ିଵ଼ 𝑚ଶ, 𝑘௜௭ [𝑚ଷ/𝑠] ≈  10ିଶ଴ ቂ−(1.031 × 10ିସ)𝑇௘௏
ଶ +

6.386 exp ቀ−
ଵଶ.ଵଶ଻

்೐ೇ
ቁቃ ቀ

଼௘்೐ೇ

గ௠೐
ቁ

ଵ/ଶ

, and 𝑘௘௡[𝑚ଷ/𝑠] ≈ 6.6 × 10ିଵଽ ൥
೅೐ೇ

ర
ି଴.ଵ

ଵାቀ
೅೐ೇ

ర
ቁ

భ.ల൩ ቀ
଼௘்೐ೇ

గ௠೐
ቁ

ଵ/ଶ

 and evaluated them at 𝑇௘௏ = 

30 eV; this resulted in 𝑘௜௭ଵ,଴ = 1.53 × 10ିଵଷ 𝑚ଷ/𝑠 and 𝑘௘௡଴ = 6.95 × 10ିଵ  𝑚ଷ/𝑠. To calculate 𝑃 , we used cross-

sections for ionization of xenon ions from Ref. 38 and assumed a Maxwellian electron speed distribution at an electron 
temperature of 30 eV, which resulted in 𝑘௜௭ଶ,଴ =  6.39 × 10ିଵସ 𝑚ଷ/𝑠 . Plugging the above values into the expressions 

in Table 7, we arrive at the typical findings that electron inertia, classical momentum-transfer and energy-transfer 
collisions, and classical cross-field heat flux are negligible. In this case, the axisymmetric nondimensional fluid 
description of the HET discharge would be described entirely by 𝐴ଵ, 𝐴ସ, 𝐴଼, 𝑇ଵ, 𝑇ଷ, 𝑃ଶ, 𝑃 , and 𝑃ଽ in addition to the 
known dependence on the nondimensional magnetic field topology. In particular, the neutral and ion dynamics would 
be entirely described by 𝐴ଵ, 𝐴ସ, 𝑇ଵ, 𝑃 , and 𝑃ଽ, the electron momentum dynamics would be governed by 𝐴ଵ, 𝐴଼, 𝑇ଵ, 
and 𝑇ଷ, and the electron energy dynamics would be governed 𝐴ଵ, 𝑇ଵ, 𝑇ଷ, and 𝑃ଶ. 

However, there are several considerations that may change the relevance of different parameters. First, it has been 
shown that magnetically shielded (MS) HETs have a weak dependence on the wall material [39, 40], such that 𝑇ଷ is 
no longer an important parameter for MS HETs. Second, a combination of 𝐶ଵ and 𝐶ଶ should influence the 
nondimensional cathode coupling voltage. Third, it has been shown that in certain parts of the HET discharge, electron 



 
 

 

The 39th International Electric Propulsion Conference, Imperial College 
London, London, United Kingdom 14-19 September 2025 

Copyright 2025 by the Electric Rocket Propulsion Society. All rights 
reserved. 

Page 12 
 

 

inertia is non-negligible in the azimuthal and radial electron momentum equations [35, 41], such that 𝐴ଶ and 𝑇ଶ are 
not entirely negligible for the fluid description of electrons. Fourth, from the previous discussion on the ECDI, 
anomalous electron transport should have a non-negligible influence from 𝐴ଶ, 𝐴ଷ, and 𝑃ଵ. In fact, when 
nondimensionalizing the fluid equations on the time scale of the plasma frequency and length scale of the Debye 
length, Ref. 28, found that 𝐴ଷ and 𝑃ଵ governed the nondimensional equations. While not a universal trend, the scaling 

of 𝐵௥଴~ඥ𝑚̇௔ a at constant discharge voltage suggested by 𝐴ଷ has been observed to minimize discharge current 

oscillations in the SPT-140 [1]. 

In addition, 𝐴ସ influences the coupling between transit time oscillations of ions and neutrals as well as influencing 
the fraction of doubly charged ions. This may suggest that 𝐴ସ is of secondary importance, but it has been shown that 
the presence of doubly-charged ions can significantly affect anomalous electron transport [42]. Lastly, apart from 

Table 7. Ratios of characteristic processes in a HET expressed by the nondimensional variables defined in 
Table 6. These characteristic processes are taken from the fluid equations, Eqs. 4-11, and are expressed using 
𝒏𝒆𝟎

𝒏𝒊𝟎
, 

𝒖𝒆𝒛𝟎

𝒖𝒊𝟎
,  

𝑻𝒆𝟎

𝑽𝒅
, and 

𝑻𝒆𝒘,𝟎

𝑽𝒅
 for generality. 

Nondimensional Variable Ratio of characteristic processes in a HET 

ට
೐்ೢ,బ

଼௏೏

భ்௡೐బ

௡೔బ
  

௜௢௡ି௪௔௟௟ ௥௘௖௢௠௕௜௡௔௧௜௢௡ ௠௘௔௡ ௙௥௘௘ ௣௔௧௛

௅೎೓
  

ට
଼௏೏

೐்ೢ,బ

ଵ

஺భ భ்
  

௜௢௡௜௭௔௧௜௢௡ ௥௔௧௘ ௢௙ ௡௘௨௧௥௔௟௦

௥௘௖௢௠௕௜௡௔௧௜௢௡ ௥௔௧௘ ௢௙ ௜௢௡௦ ௔௧ ௪௔௟௟௦
  

௉ఴ

஺ర
  

௜௢௡௜௭௔௧௜௢௡ ௥௔௧௘ ௢௙ ௡௘௨௧௥௔௟௦

௜௢௡௜௭௔௧௜௢௡ ௥௔௧௘ ௢௙ ௜௢௡௦
  

ଶ௉భ௨೐೥బ

஺భ௉ళ௨೔బ
  ௖௟௔௦௦௜௖௔௟ ௔௫௜௔௟ ௘௟௘௖௧௥௢௡ ௥௘௦௜௦௧௜௩௜௧௬

௔௫௜௔௟ ௅௢௥௘௡௧௭ ௙௢௥௖௘
  

ට
೐்ೢ,బ

଼௏೏

ଶ௉భ భ்௨೐೥బ

య்௨೔బ
  

௔௫௜௔௟ ௘௟௘௖௧௥௢௡ ௥௘௦௜௧௜௩௜௧௬ ௗ௨௘ ௧௢ ௪௔௟௟ ௖௢௟௟௜௦௜௢௡௦

௔௫௜௔௟ ௅௢௥௘௡௧௭ ௙௢௥௖௘
  

ହగ஺మ
మ

ସ
  

௔௭௜௠௨௧௛௔௟ ௘௟௘௖௧௥௢௡ ௜௡௘௥௧௜௔

௔௡௢௠௔௟௢௨௦ ௔௭௜௠௨௧௛௔௟ ௘௟௘௖௧௥௢௡ ௥௘௦௜௦௧௜௩௜௧௬
  

ହగ஺మ
మ௨೔బ

ସ஺భ௉ళ௨೐೥బ
  

௖௟௔௦௦௜௖௔௟ ௔௭௜௠௨௧௛௔௟ ௘௟௘௖௧௥௢௡ ௥௘௦௜௦௧௜௩௜௧௬

௔௡௢௠௔௟௢௨௦ ௔௭௜௠௨௧௛௔௟ ௘௟௘௖௧௥௢௡ ௥௘௦௜௦௧௜௩௜௧௬
  

ට
೐்ೢ,బ

଼௏೏

ହగ஺మ
మ

భ்௨೔బ

ସ య்௨೐೥బ
  

௔௭௜௠௨௧௛௔௟ ௘௟௘௖௧௥௢௡ ௥௘௦௜௧௜௩௜௧௬ ௗ௨௘ ௧௢ ௪௔௟௟ ௖௢௟௟௜௦௜௢௡௦

௔௡௢௠௔௟௢௨௦ ௔௭௜௠௨௧௛௔௟ ௘௟௘௖௧௥௢௡ ௥௘௦௜௦௧௜௩௜௧௬
  

భ்஺ఴ ೐்బ

௏೏
  ௥௔ௗ௜௔௟ ௘௟௘௖௧௥௢௡ ௣௥௘௦௦௨௥௘ ௚௥௔ௗ௜௘௡௧

௥௔ௗ௜௔௟ ௅௢௥௘௡௧௭ ௙௢௥௖௘
  

ହగ஺మ
మ஺ఴ భ் మ்

ସ
  

௘௟௘௖௧௥௢௡ ௖௘௡௧௥௜௙௨௚௔௟ ௙௢௥௖௘

௥௔ௗ௜௔௟ ௅௢௥௘௡௧௭ ௙௢௥௖௘
  

௉మ௨೔బ

஺భ௨೐೥బ
  ௘௟௘௖௧௥௢௡ ௘௡௘௥௚௬ ௟௢௦௦ ௗ௨௘ ௧௢ ௜௢௡௜௭௔௧௜௢௡ ௢௙ ௡௘௨௧௥௔௟௦

௃௢௨௟௘ ௛௘௔௧௜௡௚ ௢௙ ௘௟௘௖௧௥௢௡௦
  

஺మ
మ௨೔బ

஺భ௉ళ௨೐೥బ
  

௖௟௔௦௦௜௖௔௟ ௖௥௢௦௦ି௙௜௘௟ௗ ௛௘௔௧ ௧௥௔௡௦௣௢௥௧ ௢௙ ௘௟௘௖௧௥௢௡௦

௃௢௨௟௘ ௛௘௔௧௜௡௚ ௢௙ ௘௟௘௖௧௥௢௡௦
  

௉భ௡೔బ

஺ఱ௡೐బ√ଶ
  ௘௟௘௖௧௥௢௡ି௜௢௡ ௧௛௘௥௠௔௟ ௥௘௟௔௫௔௧௜௢௡ ௧௜௠௘

௔௫௜௔௟ ௧௥௔௡௦௜௧ ௧௜௠௘ ௢௙ ௘௟௘௖௧௥௢௡௦
  

൬
௏೏

೐்ೢ,బ
൰

ଷ/ଶ
௉మ య்√଼

஺భ భ்൤ଵା୪୬൬ య்ට
భ

మഏುభ
൰൨

  
௘௟௘௖௧௥௢௡ ௘௡௘௥௚௬ ௟௢௦௧ ௧௢ ௜௢௡௜௭௔௧௜௢௡

௘௟௘௖௧௥௢௡ ௘௡௘௥௚௬ ௟௢௦௧ ௧௢ ௖௛௔௡௡௘௟ ௪௔௟௟௦
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increasing the thrust density and the significance of the electron centrifugal force, a higher 𝑇ଶ should decrease the 
distance between the cathode and the channel, which should affect cathode coupling. In conclusion, we expect the 
most physically significant nondimensional parameters to describe the HET discharge to be 𝐴ଵ, 𝐴ଶ, 𝐴ଷ 𝐴ସ, 𝑇ଵ, 𝑇ଶ, 𝑇ଷ, 
𝑃ଵ, 𝑃ଶ, and 𝑃 , in addition to the nondimensional magnetic field topology, which also defines 𝐴଼. 

C. Nondimensionalization of Facility Effects 

Analogously to the nondimensionalization of the HET discharge, the nondimensionalization of the facility effects 
is carried out in three steps; First, determine the set of parameters that determines the dimensional facility effects; 
second, define the reference facility properties as a function of the facility parameters; define an independent set of 
nondimensional parameters as a function of the reference facility properties and of the reference plasma properties of 
the HET discharge. 

We consider a cylindrical vacuum chamber equipped with cryopumps. We define the dimensional facility 
parameters as the background pressure, 𝑃஻, effective chamber length, 𝐿௖௛௔௠, chamber radius, 𝑅௖௛௔௠,  chamber surface 

area, 𝐴௖௛௔௠, reference potential in the plume, 𝜙௣௟௨௠௘ , atmospheric temperature, 𝑇௔௧௠, temperature of the shrouds, 

𝑇௦௛௥௢௨ , and the surface area of the shrouds that faces the inside of the chamber, 𝐴௦௛௥௢௨ . 𝐿௖௛௔௠ is the axial distance 

the beam traverses in the vacuum chamber, and 𝜙௣௟௨௠௘  is generally assumed to be 20 V above electrical ground but 

can be varied experimentally by placing a large, biased electrode in front of the thruster [43]. We note that if we wanted 
to nondimensionalize an analytical expression for the effective pumping speed of the facility, such as that in Ref. 44, 
we would need to include the relative locations of each cryopump, the surface area of the cryopumps, and the 
temperature of the cryopumps. Instead of this detailed analysis, we chose to use the resultant background pressure in 
the chamber. 

For the reference facility parameters, we first define the ingested neutral mass flux, Γ௜௡௚ = 𝑃஻ට
௠೛

ଶగ௞ಳ்ೌ ೟೘
, as the 

thermal flux from the static background pressure. Next, we define the reference background neutral density, 𝑛௡஻, and 
the reference electron density at the lateral walls of the chamber, 𝑛௘,௪௔௟௟  as 

𝑛௡஻ =
௉ಳ

௞ಳ்ೌ ೟೘
, 𝑛௘,௪௔௟௟ = 𝑛௘,௣௟௨௠௘ exp ൬−

థ೛೗ೠ೘೐

்೐,೛೗ೠ೘೐
൰, (12) 

where 𝑛௘,௣௟௨௠௘ is the reference electron density in the plume, 𝑇௘,௣௟௨௠௘ = ೐்బ

ଵ଴
 is the reference electron temperature in 

the cathode plume, and it is assumed that the chamber is at ground potential. To define the reference 𝑛௘,௣௟௨௠௘ , we 

define 𝑛௘,௘௫௜௧ = 𝑛௜଴𝑢௜଴ට
గ௠೐

଼௘
, the reference electron density at the cathode exit, where ට

଼௘

గ௠೐
 is the reference electron 

thermal velocity at the cathode exit. Furthermore, 𝑛௘,௣௟௨௠௘ =
௡೐,೐ೣ೔೟ௐ೎೓

మ

஽೎೓
మ  represents the expansion of the cathode plume. 

Next, we define the reference resistance of the electron-plume current pathway, 𝑅௘,௣௟௨௠௘  and of the electron-chamber-

wall current pathway, 𝑅௘,௪௔௟௟  as 

𝑅௘,௣௟௨௠௘ =
ସ௠೐ఔ೐,೛೗ೠ೘೐௅೎೓ೌ೘

௘మ௡೐,೛೗ೠ೘೐గ஽೎೓
మ , 𝑅௘,௪௔௟௟ =

௠೐ఔ೐,ೢೌ೗೗ோ೎೓ೌ೘

௘మ௡೐,ೢೌ೗೗గቀோ೎೓ೌ೘௅೎೓ೌ೘ା
భ

మ
஽೎೓௅೎೓ೌ೘ቁ

, (13) 
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where 𝜈௘,௪௔௟௟  is the electron collision frequency that impedes electron motion from the cathode to the radial chamber 

wall and 𝜈௘,௣௟௨௠௘ is the electron collision frequency in the plume. Without loss of generality, we define 𝜈௘,௪௔௟௟ =

𝜈௘,௣௟௨௠௘ = 𝑛௡஻〈𝜎௘௡𝑢௘〉|்೐,೛೗ೠ೘೐
. Lastly, we can define the power radiated from the thruster, 𝑄௥௔ௗ , and the power 

radiated from the chamber to the thruster, 𝑄௖௛௔௠  as 

𝑄௥௔ௗ = 𝜎ௌ஻𝜀ோ𝐴ோ𝑇௪
ସ, 𝑄௖௛௔௠௕ = 𝜎ௌ஻𝜀ோ𝐴ோ𝑇௔௧௠

ସ + 𝜎ௌ஻𝜀ோ𝐴ோ
஺ೞ೓ೝ೚ೠ೏

஺೎೓ೌ೘
(𝑇௦௛௥௢௨ௗ

ସ − 𝑇௔௧௠
ସ ) (14) 

 

where 𝜎ௌ஻ is the Stephan-Boltzmann’s constant, 𝜀ோ is the surface emissivity, 𝐴ோ is the radiation surface area, we 

assumed a view factor of 1, and 
஺ೞ೓ೝ೚ೠ

஺೎೓ೌ೘
 represents the relative view factor of the shrouds to the thruster.  

For the nondimensional facility effects, we define five fundamental nondimensional parameters in Table 8. 𝐹ଵ-𝐹ଷ 
represent pressure facility effects, 𝐹ସ represents electrical facility effects, and 𝐹ହ represents thermal facility effects. 
While 𝐹ଵ-𝐹ହ are the fundamental nondimensional facility effect parameters in terms of physical relevance, we could 

have separately defined nondimensional facility effect parameters for 
௅೎೓ೌ೘

௅೎೓
, 

ோ೎೓ೌ೘

஽೎೓
, 

்ೌ ೟೘

்ೢ
, 

்ೞ೓ೝ೚ೠ

்ೢ
, 

஺ೞ೓ೝ೚

஺೎೓ೌ೘
, and 

థ೛೗ೠ೘೐

்೐,೛೗ೠ೘೐
. 

In addition, while the definition of nondimensional facility effects in terms of characteristic properties should not 
depend on any assumptions, the definition in terms of facility and discharge parameters does depend on the 
assumptions we make to define the characteristic properties. 

It is also important to note that the form of 𝐹ସ in Table 8 depends on our assumptions for 
ఔ೐,೛೗ೠ೘೐

ఔ೐,ೢೌ೗೗
 and 

்೐,೛೗ೠ೘೐

೐்బ
. A 

0D cathode plume model could be used to obtain an expression for 
்೐,೛೗ೠ೘೐

೐்బ
 that depends on 𝐶ଵ, 𝐶ଶ, and 𝐶ଷ in addition 

to the nondimensional thruster parameters. Similarly, 
ఔ೐,೛೗ೠ೘೐

ఔ೐,ೢೌ೗೗
 depends on the closure for anomalous transport in the 

thruster plume, which would also depend on the nondimensional thruster parameters. As a result, such corrections to 
𝜈௘,௣௟௨௠௘  and 𝑇௘,௣௟௨௠௘  can be viewed as nondimensional parameters that are defined by the previously defined 

Table 8. Fundamental nondimensional HET facility effect variables are defined in terms of characteristic 
properties. Using the same assumptions used to define these characteristic properties in Eqs. 12-14, the 
nondimensional facility effect variables are expressed in terms of the facility and HET parameters.  

Nondimensional Variable 
Definition in terms 

characteristic properties 
Expression in terms of facility and discharge 

parameters 

𝐹ଵ 
௰೔೙೒

௡௘௨௧௥௔௟ ௠௔௦௦ ௙௟௨௫ ௧௛௥௢௨௚௛ ௧௛௘ ௔௡௢ௗ௘
  

௉ಳௐ೎೓஽೎೓

௠̇ೌ
ට

గ௠೛

ଶ௞ಳ்ೌ ೟೘
  

𝐹ଶ 
௡೙ಳ

௡೙బ
  ௉ಳௐ೎೓஽೎೓ඥ଼గ௠೛௞ಳ்ೢ

௞ಳ்ೌ ೟೘௠̇ೌ
  

𝐹ଷ 
௅೎೓ೌ೘

ఒ಴ಶ೉,ಳ
  ௉ಳ௞಴ಶ೉,బ௅೎೓ೌ೘

௞ಳ்ೌ ೟೘
ට

௠೛

ଶ௘௏೏
  

𝐹ସ 
ோ೐,೛೗ೠ೘೐

ோ೐,ೢೌ೗೗
  4

௅೎೓ೌ೘
మ

஽೎೓
మ ቀ1 +

஽೎೓

ଶோ೎೓ೌ೘
ቁ exp ൬−

థ೛೗ೠ೘೐

்೐,೛೗ೠ೘೐
൰  

𝐹ହ 
ொ೎೓ೌ೘

ொೝೌ೏
  ቀ1 −

஺ೞ೓ೝ೚ೠ೏

஺೎೓ೌ೘
ቁ ቀ

்ೌ ೟೘

்ೢ
ቁ

ସ

+
஺ೞ೓ೝ೚ೠ೏

஺೎೓ೌ೘
ቀ

்ೞ೓ೝ೚ೠ೏

்ೢ
ቁ

ସ
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nondimensional facility and thruster parameters. So, if we are only concerned with defining the set of nondimensional 

parameters that define the nondimensional facility effects, then there is no need to define the corrections to 
ఔ೐,೛೗ೠ೘೐

ఔ೐,ೢೌ೗೗
 

and 
்೐,೛೗ೠ೘೐

೐்బ
. However, to accurately estimate how 

ோ೐,೛೗ೠ೘೐

ோ೐,ೢೌ೗೗
 varies as a function of the dimensional facility and thruster, 

then we would need to define the corrections to 
ఔ೐,೛೗ೠ೘೐

ఔ೐,ೢೌ೗೗
 and 

்೐,೛೗ೠ೘೐

೐்బ
.  

D. Physical Relevance of Nondimensional Facility Effects 

Using the characteristic HET parameters from Section II and using characteristic facility parameters of 𝑃஻ = 10ିହ 
Torr, 𝐿௖௛௔௠ = 5 m, 𝑅௖௛௔௠ = 2 m, 𝐴௖௛௔௠ = 70 m2, 𝜙௣௟௨௠௘ = 20 V, 𝑇௔௧௠ = 295 K, 𝑇௦௛௥௢௨ௗ = 100 K, and 𝐴௦௛௥௢௨ௗ = 

25 m2, we find 𝐹ଵ = 3.9 × 10ିଷ, 𝐹ଶ = 0.02, 𝐹ଷ = 1.6, 𝐹ସ = 13, and 𝐹ହ = 0.08. The selected values for the characteristic 
facility parameters are representative of facilities used to test HETs of around 5 kW. A value of 𝐹ଷ = 1.6 means that 
around 50% of beam ions undergo a charge-exchange collision before reaching the end of the chamber; while this 
effect influences raw measurements of Faraday probes [45] and back-sputtering rates in the facility, this effect should 
not influence thrust measurements because the ions are fully accelerated and charge-exchange collisions do not 
contribute significantly to the ingested flux from the facility background pressure. A value of 𝐹ସ = 13 indicates that 
most electrons  reach the laterals wall of the chamber instead of going into the thruster plume; while this value is 
sensitive to our estimates of 𝜙௣௟௨௠௘  and 𝑇௘,௣௟௨௠௘ , the value indicates the significant presence of additional electron 

neutralization pathways. In addition, the value for 𝐹ସ can be manipulated with a biased beam target to achieve space-
like conditions, as done in Ref. 43. Next, the value for 𝐹ହ indicates that thermal radiation from the chamber surfaces 
to the thruster plays a small but nonnegligible role in determining the thruster temperature. Lastly, 𝐹ଵ and 𝐹ଶ are 
intended to show the impact of background pressure on thruster performance. However, while 𝐹ଵ and 𝐹ଶ may be related 
to pressure facility effects, their low characteristic values suggest that they are not the most physically relevant 
parameters. 

III. Methodology for Analyzing Pressure Studies 

In analyzing data from past pressure studies, our goal is to illustrate how a nondimensional framework can be 
used to reduce the dimensionality of pressure facility effects. Reducing the dimensionality of pressure facility effects 
would simplify the experimental characterization of pressure facility effects in a way that could be applicable to all 
discharge conditions. 

Existing pressure studies typically measure how thrust changes with background pressure at either a single or 
various discharge conditions. To apply the nondimensional framework to this problem, we first must 
nondimensionalize the thrust. To this end, we will focus on relative changes in thrust with background pressure. 

The thrust, 𝑇, can be expressed as 𝑇 = 𝑇଴𝑓(𝐴ଵ, … , 𝑇ଵ, … 𝑃ଵ , … , 𝐵ଵ, … 𝐹ଵ, … ), where 𝑇଴ is an arbitrary reference 
thrust value, and 𝑓(𝐴ଵ, … , 𝑇ଵ, … 𝑃ଵ, … , 𝐵ଵ, … 𝐹ଵ, … ) is a universal function of all the nondimensional parameters that 
describe the nondimensional HET discharge and the nondimensional facility effects. When analyzing a pressure study 
at a single reference discharge condition, we will choose one thrust value, 𝑇଴, as the reference value, which can be 
expressed as 𝑇଴ = 𝑇଴𝑓(𝐴ଵ

଴, … , 𝑇ଵ
଴, … 𝑃ଵ

଴, … , 𝐵ଵ
଴, … 𝐹ଵ

଴, … ), where the superscript on the nondimensional parameters 
indicates the value of that nondimensional parameter that corresponds to 𝑇଴. Then, for all the other thrust values in 

the pressure study at the same reference discharge condition with 𝑇 = 𝑇଴𝑓(𝐴ଵ
଴, … , 𝑇ଵ

଴, … 𝑃ଵ
଴, … , 𝐵ଵ

଴, … 𝐹ଵ, … ), we can 
define the normalized thrust as 
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𝑇∗ =
்

்బ =
௙൫஺భ

బ,…, భ்
బ,…௉భ

బ,…,஻భ
బ,…ிభ,… ൯

௙൫஺భ
బ,…, భ்

బ,…௉భ
బ,…,஻భ

బ,…ிభ
బ,… ൯

, (15) 

 

where only the nondimensional facility effects have changed between the two conditions. Because 
𝑓(𝐴ଵ, … , 𝑇ଵ , … 𝑃ଵ, … , 𝐵ଵ, … 𝐹ଵ, … ) is a universal function, 𝑓(𝐴ଵ

଴, … , 𝑇ଵ
଴, … 𝑃ଵ

଴, … , 𝐵ଵ
଴, … 𝐹ଵ

଴, … ) is universal constant, 

such that 𝑇∗ is a universal function of (𝐴ଵ
଴, … , 𝑇ଵ

଴, … 𝑃ଵ
଴, … , 𝐵ଵ

଴, … 𝐹ଵ
଴, … ) and of (𝐹ଵ, … ). To compare 𝑇∗ across 

different discharge conditions, we can consider 𝑇∗ to be a function of (𝐴ଵ, … , 𝑇ଵ, … 𝑃ଵ, … , 𝐵ଵ, … 𝐹ଵ, … ) evaluated at 
(𝐹ଵ

଴, … ). A key point is that because 𝑇∗ should only be affected by the coupling between the facility and the discharge, 
certain nondimensional discharge parameters that are important to determine HET performance may not play a role 
in 𝑇∗. A reduced dimensionality would then correspond to a reduction in the number of nondimensional parameters 
necessary to describe 𝑇∗. 

A. Reduction in Dimensionality 

First, for simplicity, we will focus on comparing pressure studies conducted in the same chamber with the same 
chamber electrical configuration. In doing so, we ensure constant nondimensional parameters for those that govern 
electrical facility effects and thermal facility effects. However, the study will miss effects due to facility geometry, 
electrical facility effects, and thermal facility effects. 

To reduce the dimensionality of pressure facility effects, we need to consider the main ways through which 
background pressure can change thrust. These are an increase in the effective flow rate through ingestion [46], a 
change in cathode coupling voltage [47, 48], charge-exchange collisions with background neutrals that prevent ions 
from being completely accelerated, background neutrals contributing significantly to electron transport in the 
discharge channel. Each of these phenomena should be able to be described by newly defined nondimensional pressure 
parameters that are functions of the previously defined facility and discharge nondimensional parameters. 
Consequently, 𝑇∗ would be a function of just these four newly defined nondimensional parameters, and the 
dimensionality of 𝑇∗ would be significantly reduced. 

While modeling pressure facility effects is out of the scope of this study, we can preliminarily define new 
nondimensional pressure parameters. We can then plot existing data against these newly defined nondimensional 
parameters and see if they are successful in reducing the dimensionality of pressure facility effects. When we plot data 
from existing pressure studies, if a variable reduces the dimensionality of facility effects, we mean that the different 
curves of 𝑇∗ for the different discharge conditions collapse onto one curve. 

B. Additional Pressure Parameters 

 Additional nondimensional pressure parameters that we believe are related to pressure facility effects include but 
are not restricted to 𝐹଺-𝐹ଵ଴, defined in Table 9. While these new parameters should be related to the effects of cathode 
coupling, charge-exchange collisions, and electron transport in the discharge channel, we have not yet considered 
modifications to the ingestion parameter, 𝐹ଵ. Regarding the ingested neutral mass flux, the thermal flux used in Table 
8 is not sufficient to explain experimental observations [5, 46]. It has been suggested that the dynamic pressure of the 
background neutrals dominates the ingested neutral flux [46, 49]. The characteristic neutral velocity for the dynamic 
pressure depends on whether the neutrals thermally accommodate with the chamber walls. If they do thermally 
accommodate, then the characteristic velocity is the thermal velocity at the vacuum facility wall, which we will assume 
to be the atmospheric temperature; the corresponding nondimensional parameter would be proportional to 𝐹ଵ. If 
neutrals do not thermally accommodate with the chamber walls, then their characteristic velocity should be the ion’s 
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exhaust velocity, 𝑢௜଴. In this case, we can estimate the ingested neutral flux with a dynamic pressure corresponding to 
the neutral density of 𝑛௡஻ with velocity 𝑢௜଴; it turns out that the corresponding nondimensional parameter for this 
modified ingested flux is proportional to 𝐹଻. 

 

 In addition, the ingested flux also depends on the spatial distribution of the dynamic background pressure, which 
is determined by the locations of the cryopumps and by the location of the sources of neutrals inside the chamber [49]. 
These locations could be described by the nondimensional parameters. In fact, Ref. 46 defined nondimensional 
variables of the cryopump configuration to improve the estimate of the ingested neutral flux. However, to avoid having 
to incorporate such parameters, we will only compare pressure studies done in the same facility, which should maintain 
a constant spatial distribution of dynamic pressure. 

C.  General Methodology 

If we believe 𝑇∗ to be a function of just two variables, say 𝐹ଵ and 𝐹ଶ, then a plot of 𝑇∗ is defined by the reference 

values 𝐹ଵ
଴ and 𝐹ଶ

଴. Then, to compare 𝑇∗ at two different discharge conditions, one discharge condition must achieve 

𝐹ଵ
଴ and 𝐹ଶ

଴ at a background pressure 𝑃ଵ and the other discharge condition must achieve 𝐹ଵ
଴ and 𝐹ଶ

଴ at another 
background pressure, 𝑃ଶ. If the range of pressures or the selected discharge conditions in the pressure study do not 

allow for a common set of (𝐹ଵ
଴, 𝐹ଶ

଴) between the discharge conditions, then the pressure study cannot be used to 
evaluate whether 𝑇∗ is a function of only 𝐹ଵ and 𝐹ଶ. Consequently, the choice of discharge conditions and range of 
background pressures requires careful selection to be able to use the nondimensional framework. If such conditions 
are met, then 𝑇∗ is in fact a function of only 𝐹ଵ and 𝐹ଶ if different discharge conditions and thrusters are shown to have 
the same 𝑇∗ function. Conversely, discrepancies between 𝑇∗ curves would indicate 𝑇∗ is not a function of only 𝐹ଵ and 
𝐹ଶ. 

The use of such a 𝑇∗ function can be seen in the following case. Consider that the function 𝑇∗ has been 

experimentally mapped out, evaluated with 𝐹ଵ
଴ and 𝐹ଶ

଴ at space conditions. Then, for any new thruster or discharge 

Table 9. Auxiliary nondimensional HET facility effect variables are defined in terms of characteristic 
properties. Using the same assumptions used to define these characteristic properties, the nondimensional 
facility effect variables are expressed in terms of the fundamental nondimensional facility effect variables 
and the nondimensional HET variables. 

Nondimensional Variable 
Definition in terms characteristic 

properties 
Definition in terms of fundamental 

nondimensional variables 

𝐹଺ 
௡೙ಳ

௡௘௨௧௥௔௟ ௗ௘௡௦௜௧௬ ௔௧ ௖௛௔௡௡௘௟ ௘௫௜௧
  𝐹ଶ exp ቀ

ଵ

஺భ
ቁ  

𝐹଻ 
௡೙ಳ

௡೔బ
  ிమ

஺ర
  

𝐹  
௅೎೓

ఒ಴ಶ೉,ಳ
  ிమ஺ర

஺భ௉వ
  

𝐹ଽ 
୻೔೙೒

௡௘௨௧௥௔௟ ௠௔௦௦ ௙௟௨௫ ௧௛௥௢௨௚௛ ௧௛௘ ௖௔௧௛௢ௗ௘
  

ଵ

ସ

ிభ

஼భ஼య
మ

మ்
  

𝐹ଵ଴ 
௡೙ಳ௞೐೙బ

ఠ೎೐బ
  ிమ஺మඥ௉భ

஺భ௉ళ
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condition, once 𝐹ଵ and 𝐹ଶ are calculated, 𝑇∗ could be used to scale the thrust at an elevated background pressure to 
that in space. 

D. Challenges in Implementation 

There are four main challenges in applying the general methodology to existing pressure studies. First, existing 
pressure studies at different discharge conditions do not have setpoints with a common set of nondimensional facility 
effect parameters. Second, most pressure studies vary the anode mass flow rate to keep a constant discharge current 
across different background pressures. Third, different mechanisms have been used to achieve elevated background 
pressures. Fourth, a thruster body temperature that would scale with 𝑇௪ is rarely reported in pressure studies. 

The first challenge is the most significant, as it prevents us from constructing multi-dimensional plots of 𝑇∗ based 
on existing data. This occurs for two reasons. First, as previously mentioned, the discharge condition must be carefully 
varied to ensure that there is a background pressure at which two operating conditions have the same values for each 
of the relevant nondimensional parameters. Second, it is unclear which set of nondimensional pressure parameters is 
the most physically relevant. To illustrate the first point, we can consider two cases. For the case of two discharge 
conditions with different 𝑚̇௔, 𝑚̇ଵ and 𝑚̇ଶ, then we can match 𝐹ଷ if they were operated at the same background pressure, 

but at that same background pressure, the values for 𝐹ଵ would be off by a factor of 
௠̇భ

௠̇మ
. Similarly, for the case of two 

discharge conditions with different 𝑉ௗ, 𝑉ଵ and 𝑉ଶ, we can match 𝐹ଵ if they were operated at the same background 

pressure, but at that same background pressure, the values for 𝐹଻ would be off by a factor of ට
௏భ

௏మ
. 

Regarding the second challenge, by changing 𝑚̇௔ at each pressure, the values for 𝐴ଵ are different at each pressure. 
In fact, in Ref. 5, 𝑚̇௔ varied by as much as 10% between the discharge conditions. Calculating each 𝑇∗ curve with Eq. 
15 assumes that each point along that curve has the same nondimensional discharge condition, so a different 𝐴ଵ at 
each pressure would not allow using the nondimensional framework to analyze such data. Because of this, we will 
mostly consider pressure studies that either purposefully maintained a constant 𝑚̇௔ or where 𝑚̇௔ varied by less than 
1% across the various pressures. 

We do acknowledge that pressure studies at constant discharge current are useful for flight qualification testing, 
especially in the case of HETs with a center-mounted cathode, which have shown to have an approximately constant 
thrust at various pressures [3, 4, 6]. However, to isolate the effects of nondimensional facility effects on the discharge, 
it is better to keep 𝑚̇௔ constant so that all the nondimensional discharge parameters are constant. It would be possible 
to define an effective 𝑚̇௔ based on an approximation for the ingested flow rate, but it is known that ingested neutrals 
do not undergo the same processes as neutrals injected through the anode. 

As for the third challenge, the mechanism by which a study achieves an elevated background pressure can affect 
the spatial distribution of the static and dynamic background pressure. If this spatial distribution varies significantly 
across each pressure, then we would need to account for the nondimensional parameters that govern the spatial 
distribution of the dynamic background pressure. The three mechanisms used to increase the background pressure are 
reducing the number of active cryopumps, injecting excess propellant from somewhere in the chamber, and a 
combination of the previous two methods. From the model in Ref. 46, if the number of active cryopumps is reduced, 
this should change the ratio of the dynamic pressure to the static background, but we are not aware of this effect being 
quantified. In addition, when injecting extra propellant to increase the background pressure, it is possible that the ratio 
of the flow rate of the excess neutrals to the anode flow rate affects the spatial distribution of the dynamic pressure, 
but we are also not aware of this effect being quantified. So, although we believe the mechanism used to achieve an 



 
 

 

The 39th International Electric Propulsion Conference, Imperial College 
London, London, United Kingdom 14-19 September 2025 

Copyright 2025 by the Electric Rocket Propulsion Society. All rights 
reserved. 

Page 19 
 

 

elevated background pressure may affect the ratio of ingested flux to the thermal flux, this effect has not been 
quantified. As a result, we will consider pressure studies, independent of which mechanism was used. 

Lastly, regarding the fourth challenge of the implementation, because a reference temperature that scales with 𝑇௪ 

is typically not reported, rough estimates are needed to approximate how 
்ೢ

்ೌ ೟೘
 scales with the operating condition. 

Such estimates for 
்ೢ

்ೌ ೟೘
 are necessary to accurately estimate how 𝐹ଶ changes between discharge conditions. In the 

range of discharge conditions that we will consider, accounting for a changing 𝑇௪ has a negligible effect on our 

analysis. However, variations in 
்ೢ

்ೌ ೟೘
 are important because 𝐹ଶ~𝐹ଵට

்ೢ

்ೌ ೟೘
, so if we to assume that 𝑇௪ is independent of 

the discharge condition and that 𝑇௔௧௠ is constant, then 𝐹ଵ and 𝐹ଶ would no longer be independent parameters. 

E. Revised Methodology 

To address the first challenge, we had to implement the following simplified analysis. We consider the various 
nondimensional pressure parameters separately. We then assume that 𝑇∗ is a function of only one of these 
nondimensional parameters and plot 𝑇∗ against that nondimensional pressure parameter. We will then compare the 
different plots to see if one nondimensional parameter is able to successfully reduce the dimensionality of the 𝑇∗ 
curves at different discharge conditions. In addition, to be able to find common values for all the nondimensional 
pressure parameters among the different discharge conditions, we need to interpolate between the reported thrust 
values. The interpolation is done by assuming that the plot of thrust vs. 𝑃஻ is of the form 𝑇 = 𝐴 − 𝐵 exp(−𝐶𝑃஻). 

Next, to address the second challenge, because there are so many existing pressure studies that were done at 
constant discharge current, it is useful to consider how we can approximately correct for a varying 𝑚̇௔. We would start 
by constructing the 𝑇∗ as if 𝑚̇௔ was constant. Denoting the mass flow rate at the reference condition as 𝑚̇௔

଴  and if we 
assume that the thrust scales approximately with 𝑚̇௔ within a small range of 𝑚̇௔, then the value of 𝑇∗ at 𝑚̇௔ should be 

scaled by 
௠̇ೌ

బ

௠̇ೌ
. Also, if we are plotting 𝑇∗ as a function of 

௉ಳ

௠̇ೌ
 for different 𝑚̇௔

଴ , then we should actually plot 𝑇∗ ௠̇ೌ
బ

௠̇ೌ
 as a 

function of 
௉ಳ

௠̇ೌ
బ .  

The first set of pressure studies we considered was the measurements in Ref. 1, which were done at various mass 
flow rates and magnetic field strengths. Specifically, in Ref. 1, the discharge voltage was 300 V, the discharge current 
was varied between 3 A and 15 A, and the background pressures were between 1 and 14 µTorr-Xe. We chose to only 
analyze the conditions between 2.5 and 4.5 kW because, even though the pressure studies at each discharge power 
were done at constant discharge current, at discharge powers between 2.5 and 4.5 kW, the change in mass flow rate at 
different pressures was around 1%. We will construct two plots, one of 𝑇∗ as a function of 𝐹ଶ and one of 𝑇∗ as a 
function of 𝐹଺. These measurements were made on the SPT-140, and we estimate 𝐴ଵ = 0.19 at 300 V and 15 A on the 
SPT-140. The values for 𝐴ଵ at the other anode flow rates can then be scaled according to the expression for 𝐴ଵ in Table 
6.  

To illustrate how the 𝐹ଶ
଴ and 𝐹଺

଴ values are selected for the SPT-140 data, we refer to Figs. 2 and 3. The range of 

𝐹ଶ
଴ values that we can select from are those at which there is a corresponding thrust value for all the discharge 

conditions; in Fig. 2, this results in a possible range of 𝐹ଶ
଴ values approximately between 0.004 and 0.035. While there 

is no exact criterion for selecting 𝐹ଶ
଴ and 𝐹଺

଴ values, a rule of thumb should be to select values such that most of the 
curves have a balanced number of values on either side of 𝐹ଶ

଴ and 𝐹଺
଴. For example, in Fig. 2, the selected value of 𝐹ଶ

଴ 

results in the 2.5 kW and 4.5 kW cases having the most unbalanced numbers of values on either side of 𝐹ଶ
଴, with both 
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cases having 3 values to the right of 𝐹ଶ
଴ and 6 values to the left of 𝐹ଶ

଴. On the other hand, Fig. 3 shows that it is difficult 

to select an ideal 𝐹଺
଴ for the available data, as the unbalanced number of values on either side of 𝐹଺

଴ for the 2.5 kW and 
4.5 kW cases are unavoidable if both cases are considered simultaneously.  

 

The second set of pressure studies we considered was the measurements in Ref. 2, which were done at various 
discharge voltages and anode flow rates. Specifically, in Ref. 2, the discharge voltage was varied between 300 V and 
600 V, the anode mass flow rate was either 5.25 mg/s or 10.46 mg/s, and the background pressures were between 5 
and 14 µTorr-Xe. To isolate the effect of the discharge voltage on 𝑇∗, we will only consider the data at the low flow 
rate and on the P5-A thruster. This data was obtained with a constant anode flow rate across the various background 
pressures and discharge voltages. To analyze this data with the nondimensional framework, we will construct two 
plots, one of 𝑇∗ as a function of 𝐹ଶ and one of 𝑇∗ as a function of 𝐹଻. The plots used to select 𝐹ଶ

଴ and 𝐹଻
଴ are shown in 

Figs. 4 and 5.  

The last set of pressure studies we considered was the measurements in Ref. 3, which were done at various cathode 
flow fractions, 𝐶ଵ. Specifically, we will analyze the data in Ref. 3 that was done with an externally mounted cathode, 
at a discharge voltage of 300 V, discharge current of 15 A, and background pressure between 5 and 20 µTorr-Xe. To 
analyze this data with the nondimensional framework, we will construct two plots, one of 𝑇∗ as a function of 𝐹ଶ and 
one of 𝑇∗ as a function of 𝐹ଽ. However, the discharge current was kept constant in this study, and the anode flow rate 
at each pressure was not reported. To correct for the change in 𝑚̇௔ and 𝑚̇௖, we use the results in Ref. 4 conducted on 
a similar HET and discharge condition and with an externally mounted cathode. They found a reduction in 𝑚̇௔ with 

increased background pressure at a rate of approximately 
ଵ

ହ଴
 

௠௚/௦

ఓ்௢௥௥ି௑௘
. We then assume that Ref. 3 operated the H9 at 

15 mg/s to achieve 15 A on xenon. With these assumptions, we can approximately correct 𝑇∗ and 𝐹ଽ. The plots used 

to select 𝐹ଶ
଴ and 𝐹ଽ

଴ are shown in Figs. 6 and 7. 

 

Figure 3. Thrust versus 𝑭𝟔 = 𝑭𝟐 𝐞𝐱𝐩 ቀ
𝟏

𝑨𝟏
ቁ at 

different anode flow rates at constant discharge 
voltage, corresponding to four different discharge 
powers. The vertical line is at the selected value of 

𝑭𝟔
𝟎 = 0.8. Data adapted from Ref. 1. 

 

Figure 2. Thrust versus 𝑭𝟐 =
𝑷𝑩𝑾𝒄𝒉𝑫𝒄𝒉ඥ𝟖𝝅𝒎𝒑𝒌𝑩𝑻𝒘

𝒌𝑩𝑻𝒂𝒕𝒎𝒎̇𝒂
 

at different anode flow rates at constant discharge 
voltage, corresponding to four different discharge 
powers. The vertical line is at the selected value of 

𝑭𝟐
𝟎 = 0.013. Data adapted from Ref. 1. 
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Regarding the uncertainty, for the thrust measurements in Ref. 1, we assumed an uncertainty of ±2.6 mN, for the 
thrust measurements in Ref. 2, we assumed an uncertainty of ±1 mN, and for the thrust measurements in Ref. 3, we 
assumed an uncertainty of ±2%. Next, to quantify the uncertainty in 𝑇∗, we used a simplified approach. Once the 

reference value for say 𝐹ଶ
଴ is selected, the corresponding 𝑇଴ value is found via interpolation. We assume no uncertainty 

 

Figure 4. Thrust versus 𝑭𝟐 =
𝑷𝑩𝑾𝒄𝒉𝑫𝒄𝒉ඥ𝟖𝝅𝒎𝒑𝒌𝑩𝑻𝒘

𝒌𝑩𝑻𝒂𝒕𝒎𝒎̇𝒂
 at 

different discharge voltages at constant flow rate. 

The vertical line is at the selected value of 𝑭𝟐
𝟎 = 

0.0182. Data adapted from Ref. 2. 

 

Figure 5. Thrust versus 𝑭𝟕 =
𝑭𝟐

𝑨𝟒
 at different 

discharge voltages at constant flow rate. The 

vertical line is at the selected value of 𝑭𝟕
𝟎 = 2.5. 

Data adapted from Ref. 2. 

 

Figure 7. Thrust versus 𝑭𝟗 =
𝟏

𝟒

𝑭𝟏

𝑪𝟏𝑪𝟑
𝟐𝑻𝟐

 at different 

cathode flow fractions. The vertical line is at the 

selected value of 𝑭𝟗
𝟎 = 7 × 𝟏𝟎ି𝟓. Data adapted 

from Ref. 3. 

 

Figure 6. Thrust versus 𝑭𝟐 =
𝑷𝑩𝑾𝒄𝒉𝑫𝒄𝒉ඥ𝟖𝝅𝒎𝒑𝒌𝑩𝑻𝒘

𝒌𝑩𝑻𝒂𝒕𝒎𝒎̇𝒂
 at 

different cathode flow fractions. The vertical line is 

at the selected value of 𝑭𝟐
𝟎 = 0.03. Data adapted 

from Ref. 3. 
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in the 𝑇଴ value but then include the above uncertainties in the thrust values when calculating 𝑇∗ =
்

்బ. In this manner, 

our reported uncertainty in 𝑇∗ is a lower bound for the uncertainty.  

IV. Similarity of HET Discharges 

We can consider the nondimensional discharge to be defined by the discharge condition (𝐴ଵ, 𝐴ଶ, 𝐴ଷ, 𝐴ସ, and 𝐶ଵ), 
the propellant (𝑃ଵ, 𝑃ଶ, and 𝑃 ), thruster geometry (𝑇ଵ, 𝑇ଶ, and 𝐶ଶ), thruster material (𝑇ଷ), and magnetic field topology 
(𝐴ଽ-𝐴ଵଶ). Even in the case where non-Maxwellian effects and the induced magnetic field are non-negligible, 𝐴ହ, 𝐴଺, 
and 𝐴଻ are not necessary to define the discharge. This is because a given set of 𝐴ଵ, 𝐴ଶ, 𝐴ଷ, 𝐴ସ, 𝑇ଵ, and 𝑇ଶ is defined 

by a single set of 
௠̇ೌ

ௐ೎೓஽೎೓
, 𝑉ௗ, 𝐵௥଴, 𝑇௪, 𝐿௖௛, 𝑊௖௛, 𝐷௖௛, and the propellant, which also fully defines 𝐴ହ, 𝐴଺, and 𝐴଻. In 

addition, 𝐴଼ is defined by the nondimensional magnetic field topology, 𝐴ଽ-𝐴ଵଶ. 

In this section, we will consider which HET operating conditions and designs can be considered dynamically 
similar. That is, are there different combinations of 𝑚̇௔, 𝑉ௗ, 𝐵௥଴, 𝑇௪, 𝐿௖௛, 𝑊௖௛, and 𝐷௖௛ that produce the same 𝐴ଵ, 𝐴ଶ, 
𝐴ଷ, 𝐴ସ, 𝑇ଵ, and 𝑇ଶ? This would be very useful for the scaling of HETs between discharge conditions and between 
sizes, as dynamically similar discharges should have the same efficiencies and nondimensional plasma properties. In 
addition, if two thrusters of different sizes are exactly similar, then the smaller thruster could be tested at lower 
background pressures than the larger thruster. So, while exact similarity would be greatly beneficial to HET scaling, 
it can also be useful for the study of pressure facility effects. We note that the inclusion of 𝐴ଷ in developing similarity 
laws is a novel approach, which allows a similarity-based scaling of 𝑚̇௔, 𝑉ௗ, and 𝐵௥଴, which previously required an 
additional constraint like current density. However, an important caveat the similarity laws developed in this section 

use the definitions in Table 6, which assume 
௡೐బ

௡೔బ
=

௨೐೥

௨೔బ
=

ଵ଴ ೐்బ

௏೏
= 1, such that the presented similarity laws could be 

made more accurate in future work with the combination of 0D electron model of the HET discharge. 

We will first present similarity laws for exact dynamic similarity between different thruster geometries. We will 

then develop similarity laws for approximate dynamic similarity of different discharge conditions (
௠̇ೌ

ௐ೎೓஽೎೓
, 𝑉ௗ, 𝐵௥଴, 

and 𝑇௪) on different thrusters. Lastly, we will develop similarity laws for approximate dynamic similarity between 
discharge conditions with different propellants on the same thruster and on different thrusters. Each similarity law we 
present assumes that a certain set of nondimensional parameters are the only ones that govern HET performance. For 
alternative HET designs, new nondimensional parameters may need to be defined and may significantly impact HET 
performance, and at significantly different operating conditions, different nondimensional parameters may become 
more or less important. Consequently, the presented similarity laws likely do not apply across HET designs that require 
different amounts of nondimensional parameters or across significantly different operating conditions. 

Before proceeding, it is important to clarify the difference between exact similarity and approximate similarity. 
The first cause of approximate similarity is that HETs typically do not control 𝑇௪, so we will not consider 𝑇௪ a 
controllable discharge condition. Because 𝑇௪ is not controllable, in most situations, we will need to pick one of 𝐴ଵ, 
𝐴ଶ, 𝐴ଷ, and 𝐴ସ to not keep constant. We believe that 𝐴ସ should be the least significant among the four, so we define 
one case of approximate similarity to be when 𝐴ଵ, 𝐴ଶ, and 𝐴ଷ are constant and 𝐴ସ is not constant. When 𝐴ସ is not held 
constant, approximate similarity will not ensure that 𝐴ହ, 𝐴଺, and 𝐴଻ are constant.  

In addition, because some HETs cool the channel walls [50] and most do not cool the channel walls, we will keep 
the scaling relations in terms of 𝑇௪. In this manner, the presented relations are valid for all thermal designs of HETs. 
Furthermore, whenever 𝑇௘଴ changes, this introduces approximate similarity due to the nonlinearity of ionization rates 
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of neutrals and of ions. First, as shown in Fig. 8, the nondimensional function of the ionization rate of neutrals, 𝑘௜௭
∗ , 

depends on the choice of 𝑇௘଴. As 𝑇௘଴ increases, 𝑘௜௭
∗  at temperatures less than 𝑇௘଴ (𝑇௘

∗ < 1) increases. As a result, even 
if the axial profile of 𝑇௘

∗ is the same across different conditions, the axial profiles of 𝑘௜௭ଵ
∗  will be different. The exact 

effect that this would have on the validity of dynamic similarity is unclear, but the nonlinearity of 𝑘௜௭ଵ
∗  has another 

important consequence; because 𝑘௜௭
∗  is nonlinear, the functional form of 𝑇௘଴ influences the scaling relations whenever 

𝑘௜௭  is involved. For example, if 𝑇௘଴ =
௏೏

ଵ଴
, then the relative increase of 𝑘௜௭  at different voltages will be different 

compared to if 𝑇௘଴ =
௏೏

ଶ଴
. Because a higher fidelity approximation for 𝑇௘଴ is out of the scope of this work, whenever 

𝑘௜௭଴ is involved in the scaling relations, we leave the equations in terms of 𝑘௜௭଴. Another important consequence of 
the nonlinearity of 𝑘௜௭

∗  is that exact dynamic similarity is only possible if the propellant and nondimensional spatial 
distributions of all dimensional plasma properties are kept constant. Interestingly, if such exact dynamic similarity is 
possible, it would also ensure constant erosion rates across different conditions. 

 

A. Exact Similarity between Thruster Geometries  

To keep a constant nondimensional spatial distribution of dimensional plasma properties to achieve exact dynamic 

similarity, 
௠̇ೌ

ௐ೎೓஽೎೓
, 𝑉ௗ, 𝐵௥଴, and 𝑇௪ must be kept constant. It is then not a coincidence that HETs of different sizes tend 

to have similar 
௠̇ೌ

ௐ೎೓஽೎೓
, 𝑉ௗ, and 𝐵௥଴. The question is then, as 𝑚̇௔ changes, how should the thruster geometry change to 

ensure exact dynamic similarity? From the constraint of 𝐴ଶ, 𝐿௖௛ must be constant to achieve dynamic similarity. From 
the aspect ratio constraints, then 𝑊௖௛ and 𝐷௖௛ must also be constant, such that if 𝑇ଵ and 𝑇ଶ are both considered 
important, then two different HETs cannot be exactly similar. 

However, HETs can achieve similar scaling (constant 𝐴ଵ, 𝐴ଶ, 𝐴ଷ, 𝐴ସ, and 𝑇ଶ and constant 
௠̇ೌ

ௐ೎೓஽೎೓
, 𝑉ௗ, 𝐵௥଴, and 

𝑇௪) according to Eq. 16 with a constant 𝐿௖௛ and nondimensional magnetic field topology if wall effects are negligible. 
Equation 16 implies that HETs with negligible wall effects can scale in size at constant current density and thrust 
density. What may seem like a caveat to the scalability of HETs with negligible wall effects is that as they scale up in 

 
Figure 8. Nondimensional ionization rate of xenon atom, 𝒌𝒊𝒛𝟏

∗ , as 

a function of nondimensional electron temperature, 𝑻𝒆
∗  for 

various 𝑻𝒆𝟎. 
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size, 𝑇ଵ ≡
௅೎೓

ௐ೎೓
 would decrease. On its own, a decreasing 𝑇ଵ would influence the divergence efficiency through the 

nondimensional radial electron momentum equation, Eq. 10. However, to keep a constant nondimensional magnetic 
field, 𝐴଼𝑇ଵ𝑇ଶ must be constant. Therefore, with a constant 𝑇ଶ, 𝐴଼𝑇ଵ will be constant in Eq. 10. As a more general 
result, nondimensional radial effects are constant at different 𝑇ଵ if 𝑇ଶ and the nondimensional magnetic field are 
constant. 

𝑚̇௔~ඥ𝑊௖௛, 𝐷௖௛~𝑊௖௛. (16) 

 To understand when wall effects become negligible for annular HETs we can consider the nondimensional fluid 
equations. In the continuity equations, as 𝐴ଵ approaches zero, any ion that recombines at the wall will immediately be 
ionized, such that wall recombination has a negligible effect on the continuity equations. Thus, wall effects should not 
affect the mass utilization efficiency as 𝐴ଵ approaches zero. However, it should be considered that as 𝐴ଵ approaches 
zero, 𝑛௡

∗  should also approach zero, which may reduce the dominance of neutral ionization in the neutral continuity 
equation. In addition, in the electron energy equation, as 𝐴ଵ approaches zero, electron energy losses due to ionization 
will be the dominant form of electron energy losses, such that wall losses will have a negligible effect on the electron 
energy dynamics. In the case of the energy dynamics, as 𝑛௡

∗  goes to zero, the ionization losses from the ionization of 
ions will be the dominant energy loss mechanism. In terms of the energy efficiency, as 𝐴ଵ approaches zero, inelastic 
losses should dominate over wall losses, such that wall effects have a negligible influence on the energy efficiency. In 
general, as 𝐴ଵ approaches zero, collisional effects are expected to dominate over wall effects. 

In terms of discharge parameters, 𝐴ଵ~
஺೎೓ௐ೎೓ඥ௏೏

௠̇ೌ௞೔೥ ,బ
, such that 𝐴ଵ approaches zero for large 

௠̇ೌ

ௐ೎೓஽೎೓
. While we are 

not able to say at what point wall effects become negligible with increasing current density, we can qualitatively state 
that as current density increases, wall effects should eventually have a decreased effect on the discharge, even though 
the heat load on the channel walls increases. This is an interesting finding, as high current density operation of HETs 
has received recent attention [50].  

However, at high current densities the induced magnetic field should be non-negligible. Since the induced 
magnetic field is mostly generated by the Hall current, it can be approximated as the magnetic field produced by a 
finite-length solenoid. By changing 𝑇ଵ, we would effectively be changing the aspect ratio of the finite solenoid, which 
should change the nondimensional induced magnetic field. Whether these end effects would have a significant effect 
on the discharge is unclear, but it may be something to consider when scaling high current density HETs. Lastly, 
because of the finite curvature in the magnetic field, when the shape of nondimensional magnetic field lines is kept 
constant by keeping 𝐴଼𝑇ଵ𝑇ଶ constant, there is an avoidable change in the nondimensional shape of the lines 
perpendicular to the magnetic field lines. Once again, while the effect of this on the discharge is unclear, its effect 
should be considered when using the scaling suggested by Eq. 16. Nevertheless, if Eq. 16 with constant 𝐿௖௛  is used to 
scale HETs to higher powers, the increase in 𝑇ଵ should reduce wall losses. As a result, lower power HETs could provide 
a lower bound for efficiency of higher power HET if Eq. 16 is used for scaling. 

B. Comparison with Empirical Scaling 

Empirical scaling laws indicate 𝑊௖௛~𝐷௖௛ [51]. In addition, HETs generally operate in similar ranges of 𝑉ௗ, 𝐵௥଴, 

and 
௠̇ೌ

ௐ೎೓஽೎೓
. This results in a scaling similar to Eq. 16, but 𝐿௖௛ is strongly correlated to 𝑊௖௛ and 𝐷௖௛ in empirical data 

[51]. 
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These relationships result in 𝐴ଵ and 𝐴ଶ decreasing at higher powers while keeping 𝐴ଷ constant. So, while the 
scaling does not produce similar thrusters, it has been suggested that as long as 𝐴ଵ is below 1/3, the thruster should be 
efficient [16], so a decrease in 𝐴ଵ may be desirable; this is because a lower 𝐴ଵ corresponds to a higher mass utilization. 
The empirical scaling suggests that a similar criterion may exist for 𝐴ଶ, which is already much less than 1 in typical 
operating conditions. Consequently, while empirical HET scaling may not satisfy similarity, higher powers thrusters 
should see improved performance, which is observed [52]. These points highlight that traditional HET scaling is not 
as useful for scaling to low powers. 

 

C. Approximate Similarity Between Discharge Conditions 

Regarding whether two discharge conditions on the same thruster (same 𝑇ଵ, and 𝑇ଶ) can be dynamically similar, 
it is immediately clear that if three nondimensional parameters are important, then if one of 𝑚̇௔, 𝑉ௗ, or 𝐵௥଴, is changed, 
then we are left with a system of three equations and two unknowns to determine how the other two parameters should 
change in response. However, if we can change the thruster size while retaining geometric similarity (𝑇ଵ and 𝑇ଶ), then 
three nondimensional parameters are needed to determine how 𝑚̇௔, 𝑉ௗ, and 𝐵௥଴ should change to retain approximate 
similarity. If we keep 𝐴ଵ, 𝐴ଶ, 𝐴ଷ, 𝑇ଵ, and 𝑇ଶ constant, then for a given change in the size of the thruster, 

𝑚̇௔~ ቀ
௅೎೓

௞೔೥బ
ቁ

ଷ/ଶ

𝑇௪
ଷ/ସ, 𝐵௥଴~

்ೢ
భ/ర

ඥ௅೎೓௞೔೥బ
 , 𝑉ௗ~

௅೎೓ඥ்ೢ

௞೔೥బ
, (17) 

where 𝑊௖௛~𝐷௖௛~𝐿௖௛. The scaling relations in Eq. 17 are plotted in Fig. 9, assuming a 𝑇௪ that scales according to the 
thermal model in the appendix. At the reference condition for plotting Fig. 9, the thermal model predicts 𝑇௪ = 692 𝐾 
when 𝜀ோ = 0.3 and 𝐹 = 1. Throughout this section, the relative ratio of a parameter is with respect to the reference 
condition; for example, if the reference condition has a channel length of 𝐿 and another condition has  channel length 
of 2𝐿, then the relative ratio of the channel length for this other condition is 2. The ionization rates of xenon are 
calculated using the cross-sections from Ref. 53 and assuming a Maxwellian electron speed distribution at an electron 

temperature of 
௏೏

ଵ଴
. Figure 9 covers a factor of 100 in discharge power and shows the magnetic field strength should 

decrease with thruster size while the voltage should increase with thruster size. In addition, Fig. 9 shows that 
௠̇ೌ

ௐ೎೓஽೎೓
 

decreases as thruster size increases, suggesting that larger thrusters should operate at lower current densities. The 
higher current density and significantly higher magnetic field strengths required for similarity on smaller thrusters 
may introduce some practical challenges in implementing the scaling relations of Eq. 17. However, the possibility of 
scaling to smaller thrusters is notable, even if its implementation is not straightforward. In addition, for a tenfold 

increase in jet power (~
௠̇ೌ௏೏

௠೛
), the relative ratio in thrust density (~

௠̇ೌ

(ௐ೎೓ା஽೎೓)మ ට
௏೏

௠೛
)  from Eq. 17 is 0.35. Lastly, at 

the significantly increased current density for scaling to smaller thrusters suggested by Fig. 9, 𝐴଻ may become non-
negligible, which would invalidate the similarity law given by Eq. 17.  
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D. Approximate Similarity between Propellants 

Regarding the dynamic similarity of HET discharges of different propellants, we expect exact dynamic similarity 
to be impossible because of the importance that 𝑃ଵ is expected to have on anomalous transport and because of the 
nonlinearity of the ionization rates. It is also impossible to keep both 𝐴ଵ and 𝐴ଵ𝑃ଶ constant, so a change in 𝑃ଶ will 
influence the electron energy dynamics. As such, it may prove that different propellants have different optimal values 
of 𝐴ଵ, 𝐴ଶ, and 𝐴ଷ or even of thruster aspect ratios. However, it may still be useful to analyze the scaling relations 
suggested by nondimensionalization. For similarity between propellants on the same thruster, three nondimensional 
parameters need to be used to define how 𝑚̇௔, 𝑉ௗ, and 𝐵௥଴ should be changed with propellant, while for similarity 
between propellants on two geometrically similar thrusters, four nondimensional parameters (or three and one 
additional constraint) are needed to determine how 𝑚̇௔, 𝑉ௗ, 𝐵௥଴, and 𝐿௖௛ should change. 

For different propellants, HET discharges on the same thruster are approximately similar (constant 𝐴ଵ, 𝐴ଶ, and 
𝐴ଷ) if 

𝑚̇௔~
்ೢ

య/ర

௞
೔೥బ
య/మ

௠೛
భ/ర , 𝐵௥଴~ ൬

்ೢ

௞೔೥బ
మ ௠೛

൰
ଵ/ସ

, 𝑉ௗ~ ൬
்ೢ

௞೔೥బ
మ ௠೛

൰
ଵ/ଶ

, (18) 

Table 10 shows the scaling relations of Eq. 18 applied to krypton and argon assuming a 𝑇௪ that scales according to 

the thermal model in the appendix, with 
௠̇ೌ

௠೛
 being an approximation for the relative increase in discharge current. In 

Table 10, the reference condition has a thruster wall temperature of 692 K. The ionization rates for krypton and argon 
were calculated with the cross-sections form Ref. 53. Table 10 suggests that lighter noble gas propellants should be 
operated at a higher current density, discharge voltage, and magnetic field strength to achieve similar discharge 

conditions as heavier noble gas propellants. In addition, in terms of thrust (𝑚̇௔ට
௏೏

௠೛
) when using Eq. 18, krypton would 

have a relative ratio of 2.40 and argon would have a relative ratio of 8.22. Experiments typically observe that lighter 
propellants achieve less thrust, but it is important to note that these experiments do not conserve nondimensional 

 
Figure 9. Relative ratio in discharge parameters required for constant 𝑨𝟏, 𝑨𝟐, 
𝑨𝟑, 𝑻𝟏, and 𝑻𝟐 as a function of channel length. Reference condition is xenon at 

300 V, 
𝒎̇𝒂

𝝅𝑾𝒄𝒉𝑫𝒄𝒉
= 𝟏𝟎ି𝟑 𝒌𝒈

𝒔∙𝒎𝟐, 𝑳𝒄𝒉 = 𝟑𝟎 𝒎𝒎, 𝑾𝒄𝒉 = 𝟑𝟎 𝒎𝒎, 𝑫𝒄𝒉 = 𝟏𝟎𝟎, and 

𝝈𝑺𝑬𝑬 = 𝟎. 𝟓. 
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parameters when the HET operates with different propellants. The lower ionization rate and higher 𝑇௪ for lighter 
propellants requires a significant increase in mass flow rate to maintain a constant 𝐴ଵ, which results in an increased 
thrust for lighter propellants.  

While similar operation between molecular and atomic propellants is unlikely because of the possibility of 
dissociation, the scaling relations suggested by Eq. 18 may still be useful for molecular propellants. Also, this analysis 
does not account for the possible effects of non-negligible ion magnetization on lighter propellants, but it may become 
important to consider as Eq. 18 suggests a stronger magnetic field for lighter propellants. For example, one way to 

account for ion magnetization is to keep 𝐴ଵ, 
஺మ

ඥ௉భ
, and 𝐴ଷ constant between propellants since 

஺మ

ඥ௉భ
 corresponds to the 

degree of ion magnetization. In addition, 𝐴଻ may become non-negligible for lighter propellants because of the higher 
current densities required for similarity. Lastly, the high 𝑇௪ for lighter propellants indicates that thermal management 
techniques are necessary to apply the similarity law of Eq. 18 to lighter propellants.  

Another useful consideration is how to scale the HET size to achieve approximately similar operation on different 
propellants at the same current density; this will require adding another constraint in addition to three nondimensional 
parameters. We choose to also keep 𝐴ସ constant due to its presence in the nondimensional fluid equations. The resultant 
scaling to keep 𝐴ଵ, 𝐴ଶ, 𝐴ଷ, 𝐴ସ, 𝑇ଵ, and 𝑇ଶ constant is 

𝑚̇௔~ඥ𝑚௣𝑇௪
ଷ/ଶ ,  𝐵଴~

ଵ

௞೔೥భ,బඥ௠೛
 , 𝑉ௗ~𝑇௪, 𝐿௖௛~𝑘௜௭ଵ,଴ඥ𝑚௣𝑇௪, (19) 

and 𝐷௖௛~𝑊௖௛~𝐿௖௛. Table 11 presents the scaling relations in Eq. 19 for krypton and argon assuming a 𝑇௪ that scales 
according to the thermal model in the appendix. This scaling indicates that even after redesigning a HET for different 
propellants, the discharge voltage, magnetic field strength, current density, and wall temperature all increase for lighter 
noble gas propellants. Regarding thrust density, krypton has a relative ratio of 2.75, and argon has a relative ratio of 
10.19.  

Compared to the scaling for propellants on the same thruster, for a redesigned thruster on lighter propellants, the 
change in discharge voltage decreases, the change in magnetic field strength increases, the current density increases, 
and the wall temperature increases. As with the results of Table 10, Table 11 also indicates that thermal management 
techniques are necessary to apply Eq. 19 to lighter propellants. In addition, while the increased magnetic field on 
smaller HETs may be difficult to implement, the higher voltages on the same thruster required for lighter propellants 
may pose its own practical challenges. As a result, it is not immediately obvious whether it is more practical to redesign 
a HET for different propellants or to simply operate different propellants on the same thruster at conditions that satisfy 
Eq. 18. Lastly, we reiterate the caveat that the conclusions from Eq. 18 and 19 assume that the optimal set of values 
for the nondimensional parameters is the same across different propellants. 

Table 10. Relative ratio in discharge parameters 
required for constant 𝑨𝟏, 𝑨𝟐, 𝑨𝟑, 𝑻𝟏, and 𝑻𝟐 for 
different propellants on the same thruster. 
Reference condition is the same as in Fig. 9. 

Propellant 𝑉ௗ 𝐵௥଴ 
௠̇ೌ

௠೛
  𝑇௪ 

Kr 1.55 1.24 2.42 1.37 

Ar 2.87 1.69 8.81 2.19 

 

Table 11. Relative ratio in discharge parameters and 
channel length required for constant 𝑨𝟏, 𝑨𝟐, 𝑨𝟑, 𝑨𝟒, 𝑻𝟏, 
and 𝑻𝟐for different propellants. Reference condition is 
same as in Fig. 9. 

Propellant 𝑉ௗ 𝐵௥଴ 
௠̇ೌ

௠೛ௐ೎೓஽೎೓
  𝑇௪ 𝐿௖௛ 

Kr 1.40 1.40 2.91 1.40 0.85 

Ar 2.24 2.13 12.35 2.24 0.70 
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V. Nondimensional Analysis of Existing Pressure Studies 

In this section, we present our nondimensionalization of the results of existing pressure studies [1, 2, 3]. We will 
find that certain nondimensional pressure parameters provide a better description of the normalized data. By 
construction, in all the plots presented in this section, the different curves of 𝑇∗ overlap with 𝑇∗ = 1 at the reference 
value of the nondimensional pressure parameter; this is not an indication of universality, and instead, the different 
curves should be compared at values away from the reference values of the nondimensional parameters.  

In Figs. 10 and 11, the various curves of 𝑇∗ diverge at values 𝑇∗ > 1, but when 𝑇∗ is plotted against 𝐹଺ in Fig. 
11, the curves align to within measurement uncertainty at values 𝑇∗ < 1. On the other hand, when 𝑇∗ is plotted against 
𝐹ଶ in Fig. 10, the values of 𝑇∗ for 4.5 kW, diverge outside the uncertainty bounds for 𝑇∗ < 1. In addition, because of 
the constant discharge voltage and cathode flow fraction among the discharge conditions in Figs. 10 and 11, 𝐹ଶ is 
proportional to 𝐹ଵ, 𝐹଻, and 𝐹ଽ. Because 𝐹଺ makes the different curves of 𝑇∗ align more closely at low pressures, we 
can conclude that 𝐹଺ is more closely related to the dependence of 𝑇∗ on the anode flow rate than 𝐹ଵ, 𝐹ଶ, 𝐹଻, and 𝐹ଽ. As 
a result, 𝐹଺ may be useful to reduce the dimensionality of pressure facility effects. 

 

The relevance of 𝐹଺ can be explained by the fact that 𝐹଺ accounts for greater mass utilization at higher flow rates. 
At a fixed effective pumping speed of the facility, this would increase the ratio of background neutral density to neutral 
density near the channel exit. Meanwhile, at a fixed effective pumping of the facility 𝐹ଵ, 𝐹ଶ, 𝐹଻, and 𝐹ଽ are constant 
for a change in anode flow rate, so it is not surprising that these parameters do not accurately capture the effect of 
anode flow rate on 𝑇∗. 

 
Figure 10. Normalized thrust versus 𝑭𝟐 =
𝑷𝑩𝑾𝒄𝒉𝑫𝒄𝒉ඥ𝟖𝝅𝒎𝒑𝒌𝑩𝑻𝒘

𝒌𝑩𝑻𝒂𝒕𝒎𝒎̇𝒂
 evaluated at 𝑭𝟐

𝟎 = 0.013 for 

different anode flow rates at constant discharge 
voltage, corresponding to four different discharge 
powers. Background pressures vary from 1 to 14 
µTorr-Xe. For readability, certain error bars are 
omitted. Data adapted from Ref. 1. 

 
Figure 11. Normalized thrust versus 𝑭𝟔 =

𝑭𝟐 𝐞𝐱𝐩 ቀ
𝟏

𝑨𝟏
ቁ evaluated at 𝑭𝟔

𝟎 = 0.8 for different 

anode flow rates at constant discharge voltage, 
corresponding to four different discharge powers. 
Background pressures vary from 1 to 14 µTorr-Xe. 
For readability, certain error bars are omitted. Data 
adapted from Ref. 1. 



 
 

 

The 39th International Electric Propulsion Conference, Imperial College 
London, London, United Kingdom 14-19 September 2025 

Copyright 2025 by the Electric Rocket Propulsion Society. All rights 
reserved. 

Page 29 
 

 

However, although the divergence at 𝑇∗ > 1 is within the measurement uncertainty, Fig. 11 seems to indicate that 
𝐹଺ does not completely describe 𝑇∗ for large values of 𝐹଺. One possible reason for this is that, at the highest pressures 
in Ref. 1, 𝐹 ≈ 0.025, indicating that at high background pressures, charge exchange collisions with background 
neutrals can prevent a few percent of ions from being fully accelerated. Because 𝐹  should eventually become 
important at high pressures and 𝐹଺ is important at low pressures, the dimensionality of pressure facility effects 
increases at high background pressures. Additionally, while the ranges of 𝐹ଶ values between the different discharge 
powers are comparable in Fig. 10, Fig. 11 has a reduced range of 𝐹଺ values for the lower discharge powers. To more 
thoroughly study the divergence of at 𝑇∗(𝐹଺) > 1, future pressure studies done at various anode flow rates should 
accordingly increase the maximum background pressure for the lower anode flow rate cases. 

Figure 12 shows that all the curves at different voltages align within measurement uncertainty, except for at 500 
V at the lowest pressure. This indicates that 𝐹଻ is closely related to the dependence of 𝑇∗ on the discharge voltage. 
However, because 𝐹଻ is proportional to 𝐹ଵଵ, the physical explanation for the importance of 𝐹଻ is ambiguous. 𝐹଻ may 

seem important because it captures the increase of 
௡೙ಳ

௡೔బ
 with discharge voltage or due to an ingested neutral flux that is 

dominated by neutrals with a bulk velocity equal to the ion exhaust velocity. We can at least conclude that 𝐹଻ may also 
be useful to reduce the dimensionality of pressure facility effects. 

In addition, in Fig. 13, 𝐹ଶ does not capture the change in 𝑇∗ at different voltages. At the constant cathode flow 
fraction between the different discharge voltages in Fig. 13, 𝐹ଶ is proportional to 𝐹ଵ, 𝐹଺, and 𝐹ଽ. These nondimensional 
pressure parameters do not have a strong dependence on discharge voltage, so it is expected that they are not able to 
capture the dependence of 𝑇∗ on the discharge voltage. 

 

Next, due to measurement uncertainty, we cannot confidently conclude from Figs. 14 and 15, whether 𝐹ଶ or 𝐹ଽ is 
more important to capture the effect of the cathode flow fraction on 𝑇∗. 𝐹ଽ is the only nondimensional pressure 

 
Figure 12. Normalized thrust as a function of 𝑭𝟕 =
𝑭𝟐

𝑨𝟒
 evaluated at 𝑭𝟕

𝟎 = 2.5 for different discharge 

voltages at constant flow rate. Background 
pressures vary from 5 to 14 µTorr-Xe.  Data 
adapted from Ref. 2. 

 
Figure 13. Normalized thrust as a function of 𝑭𝟐 =
𝑷𝑩𝑾𝒄𝒉𝑫𝒄𝒉ඥ𝟖𝝅𝒎𝒑𝒌𝑩𝑻𝒘

𝒌𝑩𝑻𝒂𝒕𝒎𝒎̇𝒂
 evaluated at 𝑭𝟐

𝟎 = 0.0182 for 

different discharge voltages at constant flow rate. 
Background pressures vary from 5 to 14 µTorr-Xe. 
Data adapted from Ref. 2. 
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parameter that we have defined that depends on the cathode flow fraction, so we would expect that it is able to more 
accurately capture the effect of the cathode flow fraction on 𝑇∗. The fact that the various curves of 𝑇∗ are all within 
measurement uncertainty indicates that the cathode flow fraction does not strongly affect 𝑇∗, at least within the ranges 
of cathode flow fractions considered in Ref. 3.  

This conclusion is in contrast to the conclusions in Ref. 3, which suggested that an increased cathode flow fraction 
reduced pressure facility effects. This contrast can be explained through the 𝐹ଽ parameter. With a constant range of 
background pressures considered, as the cathode flow fraction increases, the range of 𝐹ଽ considered decreases. Thus, 
conditions with a higher cathode flow fraction traverse a smaller part of the 𝑇∗(𝐹ଽ) curve and should correspondingly 
see a smaller drop in thrust for a given change in background pressure. This effect is seen in Fig. 15. However, this 
effect also limits the conclusions that we can make about the universality of 𝑇∗(𝐹ଽ) when 𝑇∗ > 1, since the curve for 
the highest cathode flow fraction in Fig. 15 only has one point for which 𝑇∗ > 1. To study the universality of 𝑇∗(𝐹ଽ), 
future pressure studies should accordingly increase the maximum background pressure for the high cathode flow 
fraction cases. 

 
A. Discussion 

The cathode flow fraction example highlights the importance of viewing facility effects from a nondimensional 
perspective. While it may seem that a certain parameter reduces facility effects, it may just change the location of the 
experimental condition on the plot of 𝑇∗, such that the same trends would be seen when comparing thrust values in a 
VTF to those in space. However, if 𝑇∗ depends on the discharge condition, then the discharge condition or thruster 
design could be manipulated to reduce facility effects. 

Having presented a preliminary implementation of a nondimensional analysis of existing pressure studies, we 
believe that higher fidelity models of pressure facility effects should be combined with the nondimensional framework 

 
Figure 15. Normalized thrust as a function of 𝑭𝟗 =
𝟏

𝟒

𝑭𝟏

𝑪𝟏𝑪𝟑
𝟐𝑻𝟐

 evaluated at 𝑭𝟗
𝟎 = 7 × 𝟏𝟎ି𝟓 for different 

cathode flow fractions. Background pressures vary 
from 5 to 20 µTorr-Xe. Data adapted from Ref. 3. 

 

 
Figure 14. Normalized thrust as a function of  𝑭𝟐 =
𝑷𝑩𝑾𝒄𝒉𝑫𝒄𝒉ඥ𝟖𝝅𝒎𝒑𝒌𝑩𝑻𝒘

𝒌𝑩𝑻𝒂𝒕𝒎𝒎̇𝒂
 evaluated at 𝑭𝟐

𝟎 = 0.03 for 

different cathode flow fractions. Background 
pressures vary from 5 to 20 µTorr-Xe. Data adapted 
from Ref. 3. 



 
 

 

The 39th International Electric Propulsion Conference, Imperial College 
London, London, United Kingdom 14-19 September 2025 

Copyright 2025 by the Electric Rocket Propulsion Society. All rights 
reserved. 

Page 31 
 

 

presented here and with newly designed experiments. Even if such models do not account for charge-exchange effects 
or electron transport effects, we believe that, at sufficiently low pressures, nondimensional models for ingestion and 
cathode coupling should include all the nondimensional parameters of which 𝑇∗ is a function.  

Once such nondimensional parameters are defined, future experiments can be specially designed to take 
advantage of the nondimensional framework. The main considerations for future experiments should be the challenges 
outlined in Section III.D. First, to be able to compare multi-dimensional plots of 𝑇∗ across multiple discharge 
conditions, the discharge conditions and pressure range must be carefully chosen such that all the discharge conditions 
share a common set of the relevant nondimensional parameters. Second, for each discharge condition, the mass flow 
rates should be kept constant with the different background pressures. Third, a temperature that is representative of 
𝑇௪ should be measured to distinguish between 𝐹ଵ and 𝐹ଶ. Lastly, experiments should be performed to determine 
whether the mechanism with which the background pressure is increased changes the ratio of the ingested flux to the 
thermal flux. Furthermore, we note that this nondimensional framework can be easily extended to analyze the pressure 
dependence of the discharge current and thruster lifetime.  

In addition, there is a clear need to access the lower parts of the 𝑇∗ curve. However, doing so is not necessarily a 

matter of operating at lower background pressures. 
௉ಳ

௠̇ೌ
 is inversely proportional to the effective facility pumping speed, 

so lower flow rates should not inherently result in smaller nondimensional pressure parameters that are relevant to 𝑇∗. 
Facilities with higher pumping speeds are clearly one solution to reaching lower parts of the 𝑇∗ curve. However, as 
shown in Figs. 11, 12, and 15, lower anode flow rates, voltages, and cathode flow fractions could also be used to reach 
lower parts of the 𝑇∗ curve. 

Lastly, regarding the testing of high-power HETs, it is typically considered that newer facilities with higher 

pumping speeds are needed to flight qualify them. High pumping speeds will allow operating at lower values of 
௉ಳ

௠̇ೌ
 

and of background pressures, corresponding to lower values of 𝐹ଵ, 𝐹ଶ, 𝐹ଷ, and 𝐹 , which is clearly beneficial. However, 
in current state-of-the-art vacuum chambers, 𝐹ଵ and 𝐹ଶ should not change much with discharge power, as they are 

proportional to 
௉ಳ

௠̇ೌ
. So, if the current vacuum chambers are adequate for flight qualification of medium-power HETs, 

they should be able to achieve adequate values of 𝐹ଵ and 𝐹ଶ for high-power HETs. The challenge for testing high-
power HETs in current facilities must then be due to high values of 𝐹ଷ, 𝐹 , and 𝐹ଽ, which are proportional to 𝑃஻ and 

not to 
௉ಳ

௠̇ೌ
. In fact, at sufficiently high background pressures, a HET may no longer run in its nominal mode due to high 

values of 𝐹ଷ, 𝐹 , and 𝐹ଽ. 

However, a medium-power HET that is exactly similar to a high-power HET would operate at lower background 
pressures than the corresponding high-power HET. Therefore, operating a medium-power HET in current vacuum 
chambers would be exactly similar to a high-power HET operating at values of 𝐹ଵ, 𝐹ଶ, 𝐹ଷ, 𝐹 , and 𝐹ଵ଴ that are adequate 
for flight qualification. If a high-power HET is designed to be exactly similar to a medium-power HET that is already 
flight qualified, then the extensive tests that are required for flight qualification of a new design may not be necessary. 
Instead, it could just go through acceptance testing that is required for new thruster units of the same design. 

Therefore, the required pumping speed of new facilities for the purpose of testing high-power HET should be 
based on the requirements of acceptance testing. Such a requirement should be based on the ability during high-power 
operation to achieve background pressures low enough such that 𝐹ଷ, 𝐹 , and 𝐹ଵ଴ have a negligible contribution to 𝑇∗ 
(and normalized discharge current too). This is because even if two thrusters are exactly similar but operate at different 
flow rates, their corresponding 𝑇∗ functions can only be the same in regions where 𝐹ଷ, 𝐹 , and 𝐹ଵ଴ are negligible. This 
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is since 𝐹ଷ, 𝐹 , and 𝐹ଵ଴ are proportional 𝑃஻, while 𝐹ଵ and 𝐹ଶ are proportional to 
௉ಳ

௠̇ೌ
. So, at different flow rates, 𝐹ଵ, 𝐹ଶ, 

𝐹ଷ, 𝐹 , and 𝐹ଵ଴ cannot all be equal. As a result, experiments should be conducted to identify at which pressure 𝐹ଷ, 𝐹 , 
and 𝐹ଵ଴ become negligible, as this pressure would define the required pumping speed for an acceptance test for a 
thruster at a given flow rate. 

For the acceptance test, the medium-power HET would also need to be tested in the high-pumping speed facility, 
such that the medium-power HET is characterized with the same pumping speed as the high-power HET. Then, the 
high-power HET can be tested at the same values of 𝐹ଵ as the medium-power HET, such that both thrusters were 
operated at the same point on the 𝑇∗ function, since 𝑇∗ is defined by 𝐹ଵ when 𝐹ଷ, 𝐹 , and 𝐹ଵ଴ are negligible and when 
the two thrusters are exactly similar. So, if the high-power HET is correctly manufactured and the above conditions 
are met, then its thrust should compare to the thrust of the medium-power HET according to the scaling law. 

VI. Conclusion 

The nondimensional framework has been used to propose new paths for improving our understanding of HET 
scaling and of pressure facility effects. The presented HET similarity seems to be most useful for extending HET 
performance to different propellants and possibly to lower powers. We have also found that the only way for an exact 
similarity law to exist is if wall effects are negligible and that at a sufficiently high current density, wall effects should 
become negligible for annular HETs of a given channel aspect ratio. Regarding facility effects, we have presented a 
nondimensional framework to analyze pressure studies and have found that the framework can be used to reduce the 
dimensionality of pressure facility effects at different discharge conditions. 

In terms of future work on HET scaling, there are a few possible directions. First, our generalized similarity laws 
can be combined with better models for how the electron temperature, electron density, and axial electron drift velocity 
change with discharge condition to increase the accuracy of how 𝑉ௗ, 𝐵௥଴, and 𝑚̇௔ should change with discharge 
condition and how 𝐿௖௛ should change with propellant. Second, experiments should be carried out to test the presented 
similarity laws; the most straightforward one to test is the similarity laws between different propellants on the same 
thruster, as this does not require designing a new HET. Third, two HETs should be designed based on the similarity of 
Eq. 16 to determine what current density is required to achieve similarity between the thrusters. Fourth, existing HET 
efficiency data can be analyzed with a nondimensional framework to try to find the minimum set of nondimensional 
parameters that describe efficiency trends over a wide range of conditions; identifying the nondimensional parameters 
most relevant to HET performance could result in alternative similarity laws. Lastly, we believe that efforts should be 
made to increase the efficiency and lifetime of wall-less HETs, as they would be able to achieve exact similarity at 
any power level while maintaining constant thrust density and current density. 

Development of efficient HET designs that can be scaled with exact similarity should reduce the pumping speed 
requirements for qualification of high-power HETs. Once such an efficient design is developed, experiments can be 
designed to establish the criterion for the background pressure at which the pressure facility effects are similar between 
a medium-power and high-power HET. Before such an efficient design is developed, the nondimensional framework 
can still be leveraged to experimentally determine a nondimensional correction for thrust as a function of pressure that 
should be applicable to a wide variety of discharge conditions. As a result, the nondimensional framework can be of 
use for scaling and facility effect work in the near future and should continue to be of use when HETs at new power 
levels are developed. 

Appendix 
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 The thermal model described below is adapted from Ref. 54. The characteristic thruster wall temperature is 
obtained from the power balance of the characteristic power deposited into the channel wall,  𝑃௪଴, and into the anode, 
𝑃௪଴ , from the plasma against the characteristic net power radiated from the thruster, 𝑄௡௘௧ ,  

𝑃௪଴ + 𝑃௔଴ = 𝑄௡௘௧ , A-1 

where 

𝑄௡௘௧ =  𝜎ௌ஻𝜀ோ𝐴ோ𝐹(𝑇௪
ସ − 𝑇௔௧௠

ସ ), A-2 

𝑃௪଴ = 𝑒𝐴௪Γ௜௪଴ ቀ2𝑇௘௪,଴ +
ଵ

ଶ
𝑇௘௪,଴ + Φ௦ቁ, A-3 

𝑃௔଴ = 2𝑇௘௔,଴𝐼ௗ,଴. A-4 

Φ௦ is the potential drop across the sheath at the channel wall, 
ଵ

ଶ
𝑇௘௪,଴ is the presheath ion energy, 𝑇௘௔,଴ is the 

characteristic electron temperature at the anode, and 𝐼ௗ,଴ is the characteristic discharge current.  Using 𝑇௘௔,଴ =
௏೏

ଵ଴଴
, 

𝐼ௗ,଴ =
௘௠̇ೌ

௠೛
, Φ௦ = 𝑇௘௪,଴ ln ൭(1 − 𝜎ௌாா)ට

௠೛

ଶగ௠೐
൱, and 𝐴ோ = 𝜋 ቀ𝐿௖௛(𝑊௖௛ + 𝐷௖௛) +

ଵ

ଶ
(𝑊௖௛ + 𝐷௖௛)ଶቁ along with the 

previous definitions for characteristic plasma properties, we find that 

𝑇௪
ସ = 𝑇௔௧௠

ସ +  
௘௏೏௠̇ೌ

௠೛ఙೄಳఌೃி

ଵ

గቀ௅೎೓(ௐ೎೓ା஽೎೓)ା
భ

మ
(ௐ೎೓ା஽೎೓)మቁ

൬
ଵ

ହ଴
+ భ்

గଶ଴√ହ
൤

ହ

ଶ
+ ln ൬𝑇ଷට

ଵ

ଶగ௉భ
൰  ൨൰. 

 

A-5 

For all applications of this model, we will assume 𝜀ோ = 0.3 and 𝐹 = 1. 
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