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Abstract: This work presents a robust nondimensionalization of the Hall effect thruster
discharge and its facility effects. We define 23 nondimensional discharge parameters and five
nondimensional facility effect parameters that are independent and are intended to capture all the
relevant physics of the discharge and facility effects for atomic propellants. From the nondimensional
discharge parameters, we find that exact similarity is only possible between thrusters if wall effects are
negligible. We also define novel approximate similarity laws based on three nondimensional
parameters in addition to geometric similarity that can cover a larger range of discharge powers and
operation on different propellants. The similarity laws for different propellants suggest that HETs may
not need to be redesigned to operate at similar operating conditions between different propellants. We
then develop a nondimensional framework to analyze existing studies of vacuum facilities that
combines the nondimensional facility parameters with the nondimensional discharge parameters and
defines five new nondimensional facility effect parameters. We use this framework to reduce the
dimensionality of existing data of thrust as a function of facility background pressure at different
discharge conditions. Specifically, at low background pressures, the normalized thrust as a function of
certain nondimensional facility effects is within measurement uncertainty between discharge
conditions that differ by either anode mass flow rate, discharge voltage, or cathode flow fraction. This
nondimensional framework could be used to design experiments to find a correction for thrust at a
given background pressure that can be applied to a wide range of discharge conditions.

I. Introduction

Hall effect thrusters (HETs) have significant flight heritage, but the underlying physics of their operation is poorly
understood, such that there is no fully predictive model of HET performance and lifetime. As a result, HET designs
have evolved through decades of incremental improvement through experiments to achieve their current level of
performance. However, this reliance on experiments has led to two active problems in HET development. First, HETs
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are most efficient within a specific range of power levels and on certain propellants, e.g., xenon and krypton, so it is
unclear how to best design HETs for different power levels and propellants. Second, the vacuum facility background
pressure during HET experiments has been shown to affect HET performance [1-6], and the background pressure is
orders of magnitude greater than that in space, so it is unclear how to relate HET performance on the ground to
performance in space.

The conventional wisdom is that in the absence of a fully predictive HET model, progress on these two fronts
must be made incrementally through experiments, which is very costly. For extending HET design to different power
levels, this includes considering alternative HET designs [7-11] and improving them over time, while for developing
HET designs for different propellants, this may include checking whether small design changes can improve HET
performance on different propellants [12-15]. In addition, for pressure facility effects, this incremental progress has
typically been achieved by separately characterizing the dependence of HET performance on the background pressure
for different thrusters and by building newer vacuum chambers with higher pumping speeds. In addition, vacuum
chambers with even higher pumping speeds than the current state-of-the-art will be needed to flight qualify high-
power (> 20 kW) HETs.

Alternative approaches that do not rely on a complete understanding of HET physics are thus necessary to reduce
the costs of solving the problems of HET scaling and pressure facility effects. To that end, this work presents a robust
nondimensionalization of the HET discharge and facility effects. Even in the absence of a fully predictive HET model,
a robust nondimensional framework can capture all the relevant physics of the HET and facility effects.

There have been several attempts to use nondimensional parameters to derive theoretical HET scaling laws [16-
21], and similarity theory has also been developed for other low-temperature plasma devices [22-24]. Early work by
Morozov [16] defined the ratio of the ionization mean free path to the channel length as a key nondimensional
parameter and found that thruster efficiency was largely a function of just this one parameter across HET operation
with different propellants. Ref. 16 also identified the ratio of the ionization energy to the discharge voltage as an
important nondimensional parameter but acknowledged that more nondimensional parameters influenced the
discharge. Later, Ref. 17 considered the ratio of the electron Larmor radius to the channel length as a fundamental
nondimensional parameter, and Ref. 20 considered the ratio of the electron cyclotron frequency to the classical
electron-neutral collision frequency.

However, given the numerous physical phenomena in a HET, more nondimensional parameters are required to
describe the nondimensional HET discharge accurately. In particular, given the significance of anomalous electron
transport (AET) in the HET discharge and the absence of a closure model for it, an accurate nondimensionalization of
the HET discharge must account for all physical phenomena that could contribute to AET. In addition, high-power
HETs have operated at higher voltages and higher current densities than nominal values. As such, it is important to
consider as many physical phenomena as is reasonable to evaluate how the relative importance of different phenomena
may change in different regimes of HET operation. In addition to the typical phenomena considered in the
nondimensional parameters of a HET discharge, our nondimensional approach will also be general enough to account
for anomalous electron transport, doubly charged ions, induced magnetic field, and non-equilibrium effects.

After defining an independent set of nondimensional parameters, we will then present similarity laws for the HET
discharge. These similarity laws describe how the discharge parameters and thruster size must change to have constant
nondimensional parameters; exact similarity would ensure constant efficiencies across the discharge conditions or
HET designs. We differentiate these from scaling laws, as theoretical scaling laws make some assumptions to describe
how HET efficiency is a function of nondimensional parameters.
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Regarding pressure facility effects, the dependence of thrust on the background pressure has received the most
attention, but the background pressure is also known to affect HET stability [5,6], discharge current [1], and lifetime
[25]. Different HETs and different discharge conditions on the same HET have different pressure dependences on
thrust [1-6, 26, 27], which complicates defining a criterion for an acceptable background pressure for qualification
testing. However, there has been little effort to reconcile the different pressure dependences on thrust. For this purpose,
we will define nondimensional parameters to describe facility effects and present a nondimensional framework to
analyze existing pressure studies. Such a method can be used to experimentally determine a nondimensional correction
to thrust as a function of background pressure that is applicable to a wide range of discharge conditions.

The paper is organized as follows. Section II will present the nondimensional HET parameters, justify the use of
these nondimensional parameters by presenting the nondimensional fluid description of a HET, and define the
nondimensional facility parameters. In Section III, we will describe the nondimensional framework used to analyze
pressure studies, and Section IV will show similarity laws based on the nondimensional HET parameters that can be
used to scale the HET discharge condition and HET size between discharge powers and propellants. Lastly, in Section
V, we will apply the nondimensional to existing pressure studies and discuss the results with regard to experimental
design and the possibility of reducing the dimensionality of HET pressure facility effects.

II. Theory
A.  Nondimensional HET Discharge

The nondimensionalization of the HET discharge is carried out in three steps: First, determine the set of
parameters, i.e., operating condition, that determines the dimensional HET discharge; second, define the reference
plasma properties as a function of the operating condition; third, define an independent set of nondimensional
parameters as a function of the reference plasma properties that satisfy the Buckingham m Theorem. After these three
steps, we then present the nondimensional fluid equations of electrons, ions, and neutrals to see the qualitative effect
of the nondimensional parameters on the HET discharge dynamics. We choose to follow the above approach, instead
of first nondimensionalizing the fluid equations and seeing which nondimensional parameters appear, to account for
kinetic and electromagnetic effects that would not be captured in the typical fluid formulation of a HET discharge.
However, it will be shown in Section I1.B.1 that the nondimensionalization fluid equations in a HET are completely
described by the nondimensional parameters defined in this section. In addition, the nondimensional kinetic equations
in a HET, found in Refs. 21 and 28, are also completely defined by the nondimensional parameters defined in this
section.

We group the parameters that define the dimensional operating condition into the following four groups, shown
in Tables 1-4: discharge parameters, channel parameters, cathode parameters, and propellant parameters. Table 1
includes the channel wall potential for the case of a conducting channel wall where a known bias can be applied. The
channel parameters are those of an annular discharge channel, and if alternative geometries are used, then additional
parameters should be specified. We note that Ry, = 0 for a center-mounted cathode and that ggz; depends on the
propellant and local reduced electric field at the wall [29]. Regarding the cathode parameters, we acknowledge the
importance of the internal parameters of the cathode, such as the work function of the emitter and the internal geometry
of the cathode. Still, we will exclude these parameters from the main analysis because they are typically not reported
alongside HET data. Regarding the propellant parameters, the second ionization energy, excitation energies, and
excitation cross sections are expected to be important but are neglected for the main analysis because their inclusion
in the electron energy equation is a straightforward extension from the formulation used for the first ionization. Lastly,
we define the set of fundamental constants in Table 5.
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Table 1. Dimensional discharge parameters Table 2. Dimensional channel parameters

Variable Definition Variable Definition

V4 Discharge voltage Len Channel length
mg Anode mass flow rate Wep, Channel width

B (r,z) Magnetic field topology D.p Channel mean diameter
T, Thruster wall Secondary electron

temperature OspE emission coefficient of

b5 Thruster body potential channel wall material
bw Channel wall potential Table 3. Dimensional cathode parameters

Variable Definition
Table 4. Dimensional propellant parameters
m, Cathode flow rate
Variable Definition . .
Wiy Keeper inner diameter at
keeper exit plane
my Propellant mass Radial location of the keeper
Rip centerline with respect to
Eiz1 First ionization energy thruster centerline
Electron-impact first ionization
Giz1 (E) cross section function
Table 5. Fundamental constants
0., (E) Electron-impact second
122 ionization cross section function
. .. Variable Definition
6, (E) Electron-neutral elastic collision
en cross section function
655 (E) Charge exchange cross section me Electron mass
CEX as a function
. Neutral-neutral elastic collision e Elementary charge
" cross section
kg Boltzmann constant
& Vacuum permittivity
o Vacuum permeability
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The definition of the reference plasma properties is the most important step for obtaining accurate relationships
between the operating condition and physical phenomena in the HET. We define two reference applied magnetic field
strengths, the maximum radial magnetic field along the channel centerline, B, and the axial magnetic field along the
channel centerline at the location of B,.g, B,o. The reference electric field is E, = V,; /L., and we define the reference

14 . .
temperatures for electrons and neutrals as T,y = l—g and Ty, = T,,, respectively, where T, is in eV. We also define the

reference electron temperature at the channel wall as T, o = T, for unshielded HETs and T, = % for magnetically

shielded HETs. We then define the reference neutral velocity, the two reference ion velocities, and the three reference
electron velocities as

8kpTw 2eVg eTew Va 8eTeg
no ’ my > 4io ’ mp > Yiwo myp > “efo LenBro’ e,tho Tme ( )

where u;, is the reference axial ion velocity, u;,, is the reference Bohm velocity, .9 is the reference azimuthal
electron drift velocity, and u, (5 is the reference electron thermal velocity. We also define the reference axial electron
drift velocity as u,, = u;,. In the absence of a closure model for anomalous electron transport, we believe that u;, is
the most representative reference value for the axial electron drift velocity given quasineutrality and current
conservation in the plume. From the reference velocities, we define the reference neutral and ion number densities in
the channel as

Cathode ——— szy

Rip
W,
L1 ch
— |
Anode
TL
Thruster Centerline z
| Dch
//' |‘7 Len
Discharge
Channel
\ Magnetic

Circuit

Figure 1. Schematic of an annular HET. Geometric parameters L., Wy, Do, Wiy, and Ry, are shown.
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and we define the reference electron density in the channel as n,y = ny,.

Next, we define the reference first ionization rate coefficient as k10 = (0;,1,)(Te), where {0;,1V,)(Teo)
represents the product of o;,; and the electron velocity, averaged over a Maxwell-Boltzmann electron speed
distribution evaluated at an electron temperature of T,,. The rate coefficients for second ionization and elastic electron
neutral collisions, k;,, o and k., are defined similarly. We also define the reference charge exchange rate coefficient
as kcgxo = Ocexlu,ytio» Where ocgxly,, is equal to ocpyx evaluated at wy, and the reference electron-electron

5
Coulomb collision rate coefficient is k .o = Siz ’ﬁ:—ﬁ Lastly, we consider the reference magnetic field induced by
0 e‘e0

the reference Hall current. To first order, we approximate the Hall current as an infinitely thin current loop with current
eNgoUegoLpr Wep, and diameter D, which creates a reference induced magnetic field at the thruster centerline of

_ MoeNeoUegolBrWen _ UoMg ﬂ
Bind - Dch - D?hBTO 2my . (3)

Arriving at the nondimensional HET parameters, we again separate them into five groups, namely discharge
parameters (A4;-Ag), channel parameters (T;-T3), cathode coupling parameters (C;-C5), propellant parameters (P;-Pg),

and electrical configuration parameters (B; and B,). These parameters are defined in Table 6 and are expressed in
terms of the discharge condition, assuming N,y = n;g, Ueze = Ui, and T, = 1—2. For the nondimensional discharge

parameters, we preliminarily define them as ratios of characteristic plasma parameters, where in addition to the ones

Uno

defined above, we also define the reference neutral ionization mean free path, 4,5 = - , the reference electron

eofiz

eB men,
cyclotron frequency, w.qq = m—”’, the reference plasma frequency, w,, = / :eio, the reference electron Larmor
e 0

. u
radius, 7,, = (j'”w

.« . u
, the reference mean free path for electron-electron Coulomb collisions, 1,, = - ekz , and the
ce e0tee
1

reference mean free path for neutral-neutral elastic collisions, 4,,,, = . For the propellant parameters, to define

Nno%nn
nondimensional collision cross-section functions, we first define a reference collisional cross-section, ., (U°), where
U® =10 eV is chosen arbitrarily for the reference energy. While we exclude internal cathode parameters from future
consideration, to further nondimensionalize the cathode behavior, we could include the aspect ratios of the internal
cathode geometry, and the ratio of the emitter work function to the HET’s discharge voltage.

It can be shown that the set of nondimensional parameters defined in Table 6 is independent. In addition, without
loss of generalization, the HET discharge can be defined by 22 physical variables if we only consider ,,,, k;,1 ¢, and
k.. among the collisional variables, consider kT, as a single variable, and only consider B, and B, instead of the
entire magnetic field topology. Then, the 18 nondimensional variables of A;-Ag, C;-C5, Ty-T3, P;, P,, By, and B,
satisfy the condition of the Buckingham 7 theorem for the minimum set of independent parameters that describe the
HET discharge, considering the four base dimensions of length, time, mass, and electrical current. We also note that
the extension of the nondimensional parameters to include molecular propellants and additional collisional processes
is straightforward.
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Table 6. Nondimensional variables of a HET. A,-A; are defined by ratios of characteristic properties. A;-
A, are then expressed as a function of the discharge conditions, which requires assumptions to relate the
characteristic properties to the HET discharge condition. Ag-B, are defined by the HET discharge
condition.

Nondimensional Definition in terms of Expression in terms of
Variable characteristic properties discharge condition
A Aizo W enDen/16TkgT,eVy
Len MaKiz1,0Lch

Teo
A, LL 1 4myVy
ch BoLen\| Sme
A3 Dpeo 1 MeMg
Wceo Bro | €W cnDeny[2ZmpeVg
Uu.
A, - [T
0
meVg
Aeeo
AS Le_e Wcthhi 71'5""—eVdS
ch e Len\ 250€3

Ag Anno W cnDep,/8TmykgT,,
Len LchOnntig
A, Bina oty evy
Bro D2, B2, +| 2m,
Ag - Bro
Bzo
a
C, - Riw.
Wip
C3 _ Dcn
Wip
T. _ Lcn
! Wen
T. - Wen
z Dcn
T3 - 1- o5
Mme
P]_ - m_p
Eiz
P, ) e
Ps _ 0iz1(E)
Ten(U°)
P4 _ Oen(E)
Ten(U)
PS - Oiz2(E)
Ten(U)
Ps _ ocex(E)
Oen(U®)
B, : go
d
B - fu
d
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T . . . . 8B} a
In addition, it is important to consider the nondimensional magnetic field topology defined by A = al:: = %%,
70

0B; _ Lcp 0By _ 0By _ Lcp 0By
8z* By 0z 11T 9z T By 0z

0B; _ Dcp 0B
and A, = —2=-L"2 where z* = —
ar* Bz Or Lch

z . . . .
* is the nondimensional axial

A =

coordinate and r* = DL is the nondimensional radial coordinate. AgT; T, must be the same between two magnetic
ch

fields for them to have the same nondimensional topology, since AgT; T, governs the nondimensional divergence-free
condition of the magnetic field. It will also be useful to define some extra nondimensional parameters for the

propellant. For the propellant, we can define P, = I:Z” Py = % Py = :‘“0, (T = k‘“(m L ki, (T)) =
en iz2,0 CEX,

kiz (&) s (1)) = ken(Te), and kigxy(u)) = kCL(ui), which depend on P, P,, P, and Py for a given TeO and u;y, and
kiz2,0 eno kcEx,0

T Ui . . . .
where T, = T—e and uj = u—‘ are the nondimensional electron temperature and ion velocity.
eo io

Furthermore, the expressions in Table 6 for A;, 4,, A3, As, and A, depend on the definitions of neo = Nyg, Uey, =
neo Uez

Ui, and Tpp = Ya These nondimensional parameters could be corrected by factors of — o, an
lO lO

be found from a OD electron model of the thruster discharge. However, such corrections would be functions of the

previously defined nondimensional parameters. As a result, if we are only concerned with defining a set of independent

nondimensional parameters that fully describe the HET discharge, then corrections for neo IZ"Z , an
i0 io

necessary, but if we want to accurately describe how nondimensional HET discharge phenomena scale with

u T
dimensional HET operating parameters, then the corrections for neo u"o, and VLO are necessary. As such, when
io io d
u T
nondimensionalizing the fluid equations in the next section, we will not assume definitions for 22 XeZ_ and VLO
nio” Ui d

Before continuing, it is useful to consider how other nondimensional parameters that may be important are related
ce _ A1P;
noken AZ\/P_l ’

the reference anomalous electron Hall parameter is Zeo A—Z, the ratio of the reference Debye length to the channel

Uez \/P_l

to the parameters defined in Table 6. For example, the reference classical electron Hall parameter is

. A A . .u
length is =22% ~ ZZ_ the reference azimuthal electron Mach number is ~A,, and the reference number of neutrals
Len 43 Uet 0
. . _ AsASTE
in the channel is L, W ,Deppo = TEAtpRr
2445112

B. Nondimensional Analysis of HET Dynamics
1. Nondimensional Fluid Equations for HET Discharge

In this section, we will present the nondimensional fluid equations of the HET discharge to show that the
nondimensional parameters defined in Section II.A do, in fact, describe the nondimensional fluid description of a HET
discharge. The main caveat against focusing on the fluid description is that it does account for kinetic phenomena or

finite-sheath effects. However, finite-sheath effects should be accounted for in our nondimensional parameters because

2 A . S . . .
“Ped = 22 1n addition, non-Maxwellian kinetic effects should also be accounted for in our nondimensional parameters

Len Az
Asu .
because % and Ag are the reference Knudsen numbers for electrons and neutrals, the reference ion Knudsen
io
Ai A . . . . .
number is L”O = \/—Pi. Also, even though we assume an isotropic electron pressure tensor in the fluid equations, Ag
ch 1
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UezoWceo 1
Lch AZ\/ P1 ujo

should govern the relaxation to an isotropic electron pressure tensor and should govern the
relaxation to a gyrotropic electron pressure tensor [30].

Furthermore, even though a full treatment of kinetic instabilities in HETs is out of the scope of this work, it can

be shown that —¢2 ~A,, A3, and P; govern the dispersion relation of the electron cyclotron drift instability (ECDI)
Ueth,0

presented in Ref. 31, so we believe the nondimensional behavior of kinetic instabilities in a HET should be described
by our defined set of HET nondimensional parameters. Indeed, it is known that artificially changing the vacuum
permittivity or ion mass in simulations can affect the behavior of the ECDI [32]. Lastly, fluid instabilities are also
prevalent in a HET, but if our nondimensional parameters can describe the nondimensional fluid description of the
HET discharge, then they can also describe the behavior of the nondimensional fluid instabilities in a HET.

To gain a preliminary understanding of the nondimensional HET dynamics, it is sufficient to consider the
following conservation equations: continuity equations of electrons, ions, and neutrals, axial momentum equation of
electrons and ions, radial and azimuthal momentum equations of electrons, and the electron energy equation. To
incorporate wall effects directly into the conservation equations instead of as boundary conditions and for simplicity,
we consider 1D models for all conservation equations except for the radial electron momentum equation. In addition,
we are primarily interested in describing global phenomena, so our reference length scale is channel length, and the
reference time scale is that of neutral convection. We note that alternative length and time scales would be useful to
find the nondimensional parameters that govern small-scale phenomena [28].

For the 1D models we used Ref. 33 as a reference for the continuity and momentum equations and Ref. 34 as a
reference for the electron energy equation. For the continuity equations, we expanded on Ref. 33 by including single-
ionization of ions and charge-exchange collisions, such that the nondimensional 1D neutral, ion, and electron
continuity equations are

ony, - d(mpung) Ne0 %% 1% neOTl Tew,0

— = - Nenpki, +— n npkipy +—— 4
at* 9z* njoA1 e''n™iz1 A4 P n“CEX 8Vg4 lW’ ( )

6(11 uj, ) NeoAs  « * 1 ne0T1 Tew,0 s
A + Dhi%ig) — Teo g R ‘nyk; n n, k¢ 2T 5
4 at* 9z* NioA1 e n izl nioA1Pg ifteftiz2 — A4P, n*CEX — Nio 8Vq4 iw ( )

6Tle uezo 6(‘"’2““’22) 1 * ok ], % A *

A4 at* Uio azt Znenn izl + n ne 122 Tl 8Vd l—‘iwa (6)

n . . . . n; . . . . . n .
where n,, = n—" is the nondimensional neutral density, n; = n—l is the nondimensional ion density, n; = n—e is the
no i0 io

. . . u . . . . . Ui .
nondimensional electron density, uj, = —= is the nondimensional axial neutral velocity, uj, =—% is the
Uno Ujo

. . . . . u . . . . . tu .
nondimensional axial ion velocity, u;, = u—ez is the nondimensional axial electron velocity, t* = L"O is the
io ch

. . . 2Ty . . . .
nondimensional time, and [}, = —*— is the nondimensional ion flux to the channel walls. For the ion momentum

NeoUiwo
equation, unlike in Ref. 33, we do not account for the dispersion of axial ion velocities or for the neutral velocity, but
we do account for the same collisional processes in the continuity equations, such that the nondimensional 1D ion
momentum equation in conservative form is
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2
*ut a(nful )
niui, + (l iz ) 1 s« NeoAg Kok K ] % 1 EUEIE N NeoT1 [Tew,0 . « px

=-nE;, ————n;nju;,k;,, ——n;nyu;,k - u;,I; 7
at* az* g iz njoA1Pg elti %iz™iz2 A1 Py 1'""n*%iz"CEX o 8V4 iz iw> ()

Lt

where E; = E—Z is the nondimensional axial electric field.
0

Regarding the 1D axial and azimuthal electron momentum equations, we have neglected the momentum gained
from ionization of ions, and we have included the dominant inertia terms [35, 36], such that the nondimensional 1D
axial and azimuthal electron momentum equations are

_ Teo 0(neTe)

* 2
Uezo 0(NpUey) Uezo 2 6(neu2z ) _

Py A, e 20t | p (ter)? i)
2Vg 0z*

1 4 ps 1 4 *
— = —-nyE; +-nyu,yB
Ujo at* Uio az* 2 etz 5 te%ed Pr

UezoP1 s« % 1% UezoP1T1 (Tew,0 . x
————ninyu,k,, ———— |—=u,,l; 8
Uj0A1Py eltnWezlten UioTs gry €z iw> ( )

A%A45T[‘ui0 a(nzuzﬂ) A%STE a(néuZzu*e) * % * %k *
_- e e = _neuezB — NeUggV,
edVa

4Uez0 at* 4 az*
SHA%U.[() %k ok * Tew,0 SHA%TluiO * *
- nennueﬂken - ueeriw’ (9)
4A1P7Uez0 8Vaq 4T3Uezo

where u}, = —% is the nondimensional azimuthal electron drift velocity, B; = B—r is the nondimensional radial
Uen 70
. VaqlU . . . o . . . .
magnetic field, and v, = % is the nondimensional anomalous electron collision frequency. For simplicity, we
ceoez

neglect ion-electron momentum transfer collisions in the nondimensional momentum equations. For the radial electron
momentum equation, we include the centrifugal force and a non-negligible axial magnetic field, such that the
nondimensional radial electron momentum equation is

2
244P1Uez0 dNGUSy)  AJASTATRSTMGUZG 4 r o %
- = —NeEy —NeUgpB,

Ujo at* 4 r*
TeoAgTy a(nZTg) 2PjUez0 % % *
- neNpug-k
Vd or* A1P7‘Ll.i0 e''n*er'ren» (10)
EyByg . . . . . B, . . . . .
where E; = rTm is the nondimensional radial electric field, B, = B—z is the nondimensional axial magnetic field, and
05z0 z0
UerBro - . . . . .. . .
Uy = quO is the nondimensional radial electron velocity. In addition, to accurately represent the radial dynamics
ezBPz0
o . a a L
within the discharge channel, we define 57 = Wen g Lastly, to the 1D electron energy equation in Ref. 34, we add

cross-field thermal conductivity and the loss terms due to thermalization with ions and neutrals, but we neglect electron
inertia, such that the nondimensional 1D electron energy equation is
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Pauijo * ok ] %

AuaoTeo GnETE) | 7o (Gnienias)

* * *
=nyugE;, — nynyk;
uezOVd ot* Vd oz* e*ez™z AlueZO e''n"iz1
Tewo 2 T % Ayuyg 0 « 0T
—( P 1+In(T; |— || Tivew T AP 3z KZF
Vd T3V8 A1PUgz0 02 z
P1nioTeq k* T* P1uioTeo & x 7, *
e —— ——==—n:nk T,
ASnGOVd\/— e el £ A1P7ueZOVd e''n'*enete» (1 1)

& . . .
where ¢, = Y is the nondimensional average electron energy lost at the channel walls, k; =
Tewo[1+ln (-osgE) m)
kB2 . . . . .. keieV2my .
—27T s the nondimensional classical cross-field electron thermal conductivity, k}; , = —=—2L is the
MenNeoTeoNnoKeno ! keeome

Kenegmyp .

nondimensional electron-ion energy transfer collision rate, and kg, . = p is the nondimensional electron-neutral

en Me

energy transfer collision rate. In Eq. 11, without loss of generality, we have neglected inelastic losses due to excitation
and ionization of ions, only included electron-neutral collisions to define k, and assumed negligible neutral and ion
temperatures.

2. Physical Relevance of Nondimensional Discharge Parameters

From Egs. 4-11, the nondimensional parameters that define the axisymmetric nondimensional fluid description
of the HET discharge are A, A,, A4, As, Ag, Ty, Ty, T3, P, Py, P;, Pg, and Py. In particular, ratios of characteristic
processes in a HET in terms of the nondlmensmnal parameters are shown in Table 7. Using characteristic HET

parameters of V; =300V, B, = 200G, = 10_3 kg , Lep = 30mm, W, = 30 mm, D, = 100, T, =

Wcthh
500 K, osgg = 0.5, and xenon as the propellant, then A; = 0.28 LA, =011,4, =14 x1072,T, =1,T, = 0.3,
T; =05, P =41 x107%, P, = 0.04, P, = 0.22, Py = 2.4, Py = 7.3. To calculate A;, P,, and P, for xenon, we

used the expressions in Ref. 37 of oggx =10718m?, k;, [m3/s] = 1072° [—(1.031 x 1079T3, +

_12.127\] (8eTer\ /2 3,0 10 T%V_o,l 8eT o\ 1/2 B
6.386 exp( =" )] (—nme ) ,and k., [m>/s] = 6.6 X 10 —1+(TLV)1'6 ( p— ) and evaluated them at T, =
4

30 eV; this resulted in kjz; o = 1.53 X 10713 m3 /s and kepno = 6.95 X 1071 m?3/s. To calculate Pg, we used cross-
sections for ionization of xenon ions from Ref. 38 and assumed a Maxwellian electron speed distribution at an electron
temperature of 30 eV, which resulted in k;,, o = 6.39 X 107** m? /s . Plugging the above values into the expressions
in Table 7, we arrive at the typical findings that electron inertia, classical momentum-transfer and energy-transfer
collisions, and classical cross-field heat flux are negligible. In this case, the axisymmetric nondimensional fluid
description of the HET discharge would be described entirely by A,, A4, 4g, Ty, T3, P,, Pg, and Py in addition to the
known dependence on the nondimensional magnetic field topology. In particular, the neutral and ion dynamics would
be entirely described by Ay, A4, Ty, Pg, and Py, the electron momentum dynamics would be governed by A;, 4g, Ty,
and T3, and the electron energy dynamics would be governed A4, T;, T3, and P,.

However, there are several considerations that may change the relevance of different parameters. First, it has been
shown that magnetically shielded (MS) HETs have a weak dependence on the wall material [39, 40], such that T5 is
no longer an important parameter for MS HETs. Second, a combination of C; and C, should influence the
nondimensional cathode coupling voltage. Third, it has been shown that in certain parts of the HET discharge, electron
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inertia is non-negligible in the azimuthal and radial electron momentum equations [35, 41], such that A, and T, are
not entirely negligible for the fluid description of electrons. Fourth, from the previous discussion on the ECDI,
anomalous electron transport should have a non-negligible influence from A,, Az, and P;. In fact, when
nondimensionalizing the fluid equations on the time scale of the plasma frequency and length scale of the Debye
length, Ref. 28, found that A; and P; governed the nondimensional equations. While not a universal trend, the scaling

of B.y~./m, a at constant discharge voltage suggested by A; has been observed to minimize discharge current
oscillations in the SPT-140 [1].

Table 7. Ratios of characteristic processes in a HET expressed by the nondimensional variables defined in
Table 6. These characteristic processes are taken from the fluid equations, Eqs. 4-11, and are expressed using

Neo Uez0 Teo

T .
, =220 20 and —2*° for generality.
njo” ujp Vg Va

Nondimensional Variable

Ratio of characteristic processes in a HET

’Mw
8Vg Mo
[3va 1
Tew,0 A1T1
8

Py
Ag

2PjuUezo
A1P7ujg

Tew,0 2P1T1Uez0
8Va T3ujo
5mAS
4

SnA%uiO
4A1P7Uez0

2
Tew,0 5STAZT1U o
8Vd 4-T3uezo
T1AgTeo
Va
5TAZAgT, T,
4
Pauig
AqUezo
2
AzUig
A1P7uezo
P1nig
Asneoﬁ

ion—wall recombination mean free path

Len

ionization rate of neutrals

recombination rate of ions at walls

ionization rate of neutrals

ionization rate of ions

classical axial electron resistivity

axial Lorentz force

axial electron resitivity due to wall collisions

axial Lorentz force

azimuthal electron inertia

anomalous azimuthal electron resistivity

classical azimuthal electron resistivity

anomalous azimuthal electron resistivity

azimuthal electron resitivity due to wall collisions

( Vq )3/2 P,T3V8

Tew,0

anomalous azimuthal electron resistivity

radial electron pressure gradient

radial Lorentz force

electron centrifugal force

radial Lorentz force

electron energy loss due to ionization of neutrals

Joule heating of electrons

classical cross—field heat transport of electrons

Joule heating of electrons

electron—ion thermal relaxation time

axial transit time of electrons

electron energy lost to ionization

electron energy lost to channel walls

A1T1[1+IH(T3 ﬁ)]

In addition, A, influences the coupling between transit time oscillations of ions and neutrals as well as influencing

the fraction of doubly charged ions. This may suggest that A, is of secondary importance, but it has been shown that
the presence of doubly-charged ions can significantly affect anomalous electron transport [42]. Lastly, apart from
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increasing the thrust density and the significance of the electron centrifugal force, a higher T, should decrease the
distance between the cathode and the channel, which should affect cathode coupling. In conclusion, we expect the
most physically significant nondimensional parameters to describe the HET discharge to be A,, A,, A3 A4, Ty, Ty, T,
Py, P,, and Pg, in addition to the nondimensional magnetic field topology, which also defines A4g.

C. Nondimensionalization of Facility Effects

Analogously to the nondimensionalization of the HET discharge, the nondimensionalization of the facility effects
is carried out in three steps; First, determine the set of parameters that determines the dimensional facility effects;
second, define the reference facility properties as a function of the facility parameters; define an independent set of
nondimensional parameters as a function of the reference facility properties and of the reference plasma properties of
the HET discharge.

We consider a cylindrical vacuum chamber equipped with cryopumps. We define the dimensional facility
parameters as the background pressure, Py, effective chamber length, L}, 4, chamber radius, R 4m, chamber surface
area, Acpam, reference potential in the plume, @puume, atmospheric temperature, T,¢r,, temperature of the shrouds,
Tsnrou »> and the surface area of the shrouds that faces the inside of the chamber, Agproy - Lenam 1S the axial distance
the beam traverses in the vacuum chamber, and ¢p,me is generally assumed to be 20 V above electrical ground but
can be varied experimentally by placing a large, biased electrode in front of the thruster [43]. We note that if we wanted
to nondimensionalize an analytical expression for the effective pumping speed of the facility, such as that in Ref. 44,
we would need to include the relative locations of each cryopump, the surface area of the cryopumps, and the
temperature of the cryopumps. Instead of this detailed analysis, we chose to use the resultant background pressure in
the chamber.

For the reference facility parameters, we first define the ingested neutral mass flux, I3, = Pg ’#, as the
Blatm

thermal flux from the static background pressure. Next, we define the reference background neutral density, n,z, and
the reference electron density at the lateral walls of the chamber, ng ,q;; as

¢plume )

b
Te,plume

Pp

Nup > Newall = ne,plume €xp <_ (12)

keTatm

. . Teo - .
where N, ,;ume 18 the reference electron density in the plume, Te p1yme = 1%) is the reference electron temperature in
the cathode plume, and it is assumed that the chamber is at ground potential. To define the reference 1, ,pme, We

8e .
is the reference electron

define ng gyir = Niglio /%, the reference electron density at the cathode exit, where

e

2
NeexitWen

thermal velocity at the cathode exit. Furthermore, n, 5 1me = 2 represents the expansion of the cathode plume.
ch

Next, we define the reference resistance of the electron-plume current pathway, R p1me and of the electron-chamber-

wall current pathway, R, ,q; as

R — 4meVe plumeLlcham — MeVe wallRcham 13
eplume ezne,plumeanh » Newall ezne,wall”(RchamLcham‘f%Dcthham), ( )
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where v, 41 is the electron collision frequency that impedes electron motion from the cathode to the radial chamber
wall and Ve pjyme is the electron collision frequency in the plume. Without loss of generality, we define ve 1 =
Ve plume = nnB(Uenue)lTeplume. Lastly, we can define the power radiated from the thruster, Q,,4, and the power

radiated from the chamber to the thruster, Q.nom as

A
— 4 — 4 shroud 4 4
Qrad - GSBsRARTw’ Qchamb - GSBERARTatm + O-SBsRAR Acham (Tshroucl - Tatm) (14)

where aggp is the Stephan-Boltzmann’s constant, €; is the surface emissivity, Ag is the radiation surface area, we

. A . .
assumed a view factor of 1, and Zh& represents the relative view factor of the shrouds to the thruster.
cham

For the nondimensional facility effects, we define five fundamental nondimensional parameters in Table 8. F;-F;
represent pressure facility effects, F, represents electrical facility effects, and Fg represents thermal facility effects.
While F;-F5 are the fundamental nondimensional facility effect parameters in terms of physical relevance, we could

. . - L R T, T A Pt
have separately defined nondimensional facility effect parameters for “Lh“m, “Dh“m, %, shrou  Zshro  and —E2me
ch ch w

Tw ’ Acham ’ Te,plume'
In addition, while the definition of nondimensional facility effects in terms of characteristic properties should not
depend on any assumptions, the definition in terms of facility and discharge parameters does depend on the
assumptions we make to define the characteristic properties.

Table 8. Fundamental nondimensional HET facility effect variables are defined in terms of characteristic
properties. Using the same assumptions used to define these characteristic properties in Eqs. 12-14, the
nondimensional facility effect variables are expressed in terms of the facility and HET parameters.

Nondimensional Variable Definition in terms Expression in terms of facility and discharge
characteristic properties parameters
F Ting PpWchDch Tmp
1 neutral mass flux through the anode Mg 2kgTatm
F nB PpWcnDchy/8TmpkpTy
2 Nno kpTatmMa
F. Lcham Ppkcex,0Lcham mp
3 AcEx,B kTatm 2eVg
Replume L%ham Dcp Pplume
Fy R 4 D? (1+2R )exp T
ewall ch cham e,plume
4 4
FS QChﬂ (1 _ Ashroud) (Tatm) + Ashroud (Tshroud)
Qrad Acham Tw Acham Tw

Ve,plume Teplume
PUTE and 222 A

It is also important to note that the form of F, in Table 8 depends on our assumptions for ™ p
ewall eo

. . T . ..

0D cathode plume model could be used to obtain an expression for ~22™€ that depends on C;, C,, and C5 in addition

eo

Vepl i
—P=2 depends on the closure for anomalous transport in the

to the nondimensional thruster parameters. Similarly, ™
ewall

thruster plume, which would also depend on the nondimensional thruster parameters. As a result, such corrections to
Veptume a0d T¢ pime can be viewed as nondimensional parameters that are defined by the previously defined
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nondimensional facility and thruster parameters. So, if we are only concerned with defining the set of nondimensional

parameters that define the nondimensional facility effects, then there is no need to define the corrections to M
ewall

T . R

and 222 However, to accurately estimate how —224¢

varies as a function of the dimensional facility and thruster,
eo ewall

. Ve,pl T, vl
then we would need to define the corrections to jp Y and eiume.
ewall eo

D. Physical Relevance of Nondimensional Facility Effects

Using the characteristic HET parameters from Section II and using characteristic facility parameters of Py = 107>
Tort, Lepgm = 5 M, Repgm = 2 M, Agpgm = 70 m2, Gpiume = 20V, Topm = 295 K, Teproua = 100 K, and Agproug =
25m?, we findF; = 3.9 x 1073, F, =0.02, F; = 1.6, F, = 13, and F5 = 0.08. The selected values for the characteristic
facility parameters are representative of facilities used to test HETs of around 5 kW. A value of F; = 1.6 means that
around 50% of beam ions undergo a charge-exchange collision before reaching the end of the chamber; while this
effect influences raw measurements of Faraday probes [45] and back-sputtering rates in the facility, this effect should
not influence thrust measurements because the ions are fully accelerated and charge-exchange collisions do not
contribute significantly to the ingested flux from the facility background pressure. A value of F, = 13 indicates that
most electrons reach the laterals wall of the chamber instead of going into the thruster plume; while this value is
sensitive to our estimates of @, pme and Te piume, the value indicates the significant presence of additional electron
neutralization pathways. In addition, the value for F, can be manipulated with a biased beam target to achieve space-
like conditions, as done in Ref. 43. Next, the value for F; indicates that thermal radiation from the chamber surfaces
to the thruster plays a small but nonnegligible role in determining the thruster temperature. Lastly, F; and F, are
intended to show the impact of background pressure on thruster performance. However, while F; and F, may be related
to pressure facility effects, their low characteristic values suggest that they are not the most physically relevant
parameters.

III. Methodology for Analyzing Pressure Studies

In analyzing data from past pressure studies, our goal is to illustrate how a nondimensional framework can be
used to reduce the dimensionality of pressure facility effects. Reducing the dimensionality of pressure facility effects
would simplify the experimental characterization of pressure facility effects in a way that could be applicable to all
discharge conditions.

Existing pressure studies typically measure how thrust changes with background pressure at either a single or
various discharge conditions. To apply the nondimensional framework to this problem, we first must
nondimensionalize the thrust. To this end, we will focus on relative changes in thrust with background pressure.

The thrust, T, can be expressed as T = Tyf (44, ..., Ty, ... Py, ..., By, ... Fy, ... ), where Ty is an arbitrary reference
thrust value, and f (44, ..., Ty, ... Py, ..., By, ... F1, ...) is a universal function of all the nondimensional parameters that
describe the nondimensional HET discharge and the nondimensional facility effects. When analyzing a pressure study
at a single reference discharge condition, we will choose one thrust value, T, as the reference value, which can be
expressed as T® = Tof (49, ..., T, ... P, ..., BY, ... F?, ...), where the superscript on the nondimensional parameters
indicates the value of that nondimensional parameter that corresponds to T°. Then, for all the other thrust values in
the pressure study at the same reference discharge condition with T = Tyf (49, ..., T, ...PY, ..., BY, .. F;, ...), we can
define the normalized thrust as
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o~ £(A3,..10,.p0,..BY,..FD,..) (15)

where only the nondimensional facility effects have changed between the two conditions. Because
f(A4, ..., Ty, ... Py, ..., By, ... Fy, ...) is a universal function, f(AY,..., T, ...PY,...,BY, ..F?,...) is universal constant,
such that T* is a universal function of (49%,...,T,..P2, .., B, ..F?,..) and of (F;,...). To compare T* across
different discharge conditions, we can consider T* to be a function of (4, ..., Ty, ... Py, ..., By, ... F1, ...) evaluated at
(F?,...). Akey point is that because T* should only be affected by the coupling between the facility and the discharge,
certain nondimensional discharge parameters that are important to determine HET performance may not play a role
in T*. A reduced dimensionality would then correspond to a reduction in the number of nondimensional parameters
necessary to describe T,

A.  Reduction in Dimensionality

First, for simplicity, we will focus on comparing pressure studies conducted in the same chamber with the same
chamber electrical configuration. In doing so, we ensure constant nondimensional parameters for those that govern
electrical facility effects and thermal facility effects. However, the study will miss effects due to facility geometry,
electrical facility effects, and thermal facility effects.

To reduce the dimensionality of pressure facility effects, we need to consider the main ways through which
background pressure can change thrust. These are an increase in the effective flow rate through ingestion [46], a
change in cathode coupling voltage [47, 48], charge-exchange collisions with background neutrals that prevent ions
from being completely accelerated, background neutrals contributing significantly to electron transport in the
discharge channel. Each of these phenomena should be able to be described by newly defined nondimensional pressure
parameters that are functions of the previously defined facility and discharge nondimensional parameters.
Consequently, T* would be a function of just these four newly defined nondimensional parameters, and the
dimensionality of T* would be significantly reduced.

While modeling pressure facility effects is out of the scope of this study, we can preliminarily define new
nondimensional pressure parameters. We can then plot existing data against these newly defined nondimensional
parameters and see if they are successful in reducing the dimensionality of pressure facility effects. When we plot data
from existing pressure studies, if a variable reduces the dimensionality of facility effects, we mean that the different
curves of T* for the different discharge conditions collapse onto one curve.

B. Additional Pressure Parameters

Additional nondimensional pressure parameters that we believe are related to pressure facility effects include but
are not restricted to Fg-Fy 4, defined in Table 9. While these new parameters should be related to the effects of cathode
coupling, charge-exchange collisions, and electron transport in the discharge channel, we have not yet considered
modifications to the ingestion parameter, F;. Regarding the ingested neutral mass flux, the thermal flux used in Table
8 is not sufficient to explain experimental observations [5, 46]. It has been suggested that the dynamic pressure of the
background neutrals dominates the ingested neutral flux [46, 49]. The characteristic neutral velocity for the dynamic
pressure depends on whether the neutrals thermally accommodate with the chamber walls. If they do thermally
accommodate, then the characteristic velocity is the thermal velocity at the vacuum facility wall, which we will assume
to be the atmospheric temperature; the corresponding nondimensional parameter would be proportional to F;. If
neutrals do not thermally accommodate with the chamber walls, then their characteristic velocity should be the ion’s
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exhaust velocity, u;,. In this case, we can estimate the ingested neutral flux with a dynamic pressure corresponding to
the neutral density of n,z with velocity u;,; it turns out that the corresponding nondimensional parameter for this
modified ingested flux is proportional to F,.

Table 9. Auxiliary nondimensional HET facility effect variables are defined in terms of characteristic
properties. Using the same assumptions used to define these characteristic properties, the nondimensional
facility effect variables are expressed in terms of the fundamental nondimensional facility effect variables
and the nondimensional HET variables.

. . . Definition in terms characteristic Definition in terms of fundamental
Nondimensional Variable . . . .
properties nondimensional variables
NnnB 1
F6 neutral density at channel exit Fz exp (Z)
NnB F
F, —-= 2
N Ay
F Len FyAy
8 ACEX,B A1Po
F, 1"in‘g l _F1
9 neutral mass flux through the cathode 4 C1CET,
F NnBKeno F2A24/P1
10 Wceo A1P7

In addition, the ingested flux also depends on the spatial distribution of the dynamic background pressure, which
is determined by the locations of the cryopumps and by the location of the sources of neutrals inside the chamber [49].
These locations could be described by the nondimensional parameters. In fact, Ref. 46 defined nondimensional
variables of the cryopump configuration to improve the estimate of the ingested neutral flux. However, to avoid having
to incorporate such parameters, we will only compare pressure studies done in the same facility, which should maintain
a constant spatial distribution of dynamic pressure.

C. General Methodology

If we believe T* to be a function of just two variables, say F; and F,, then a plot of T* is defined by the reference
values F{ and FJ. Then, to compare T* at two different discharge conditions, one discharge condition must achieve
F? and F) at a background pressure P; and the other discharge condition must achieve F{ and Fy at another
background pressure, P,. If the range of pressures or the selected discharge conditions in the pressure study do not
allow for a common set of (F, Fy) between the discharge conditions, then the pressure study cannot be used to
evaluate whether T* is a function of only F; and F,. Consequently, the choice of discharge conditions and range of
background pressures requires careful selection to be able to use the nondimensional framework. If such conditions
are met, then T is in fact a function of only F; and F, if different discharge conditions and thrusters are shown to have
the same T function. Conversely, discrepancies between T* curves would indicate T* is not a function of only F; and
F,.

The use of such a T* function can be seen in the following case. Consider that the function T* has been
experimentally mapped out, evaluated with F and Fy at space conditions. Then, for any new thruster or discharge
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condition, once F; and F, are calculated, T* could be used to scale the thrust at an elevated background pressure to
that in space.

D. Challenges in Implementation

There are four main challenges in applying the general methodology to existing pressure studies. First, existing
pressure studies at different discharge conditions do not have setpoints with a common set of nondimensional facility
effect parameters. Second, most pressure studies vary the anode mass flow rate to keep a constant discharge current
across different background pressures. Third, different mechanisms have been used to achieve elevated background
pressures. Fourth, a thruster body temperature that would scale with T,,, is rarely reported in pressure studies.

The first challenge is the most significant, as it prevents us from constructing multi-dimensional plots of T* based
on existing data. This occurs for two reasons. First, as previously mentioned, the discharge condition must be carefully
varied to ensure that there is a background pressure at which two operating conditions have the same values for each
of the relevant nondimensional parameters. Second, it is unclear which set of nondimensional pressure parameters is
the most physically relevant. To illustrate the first point, we can consider two cases. For the case of two discharge
conditions with different m,, m, and m,, then we can match F; if they were operated at the same background pressure,

but at that same background pressure, the values for F; would be off by a factor of % Similarly, for the case of two
2

discharge conditions with different V;, V; and V,, we can match F; if they were operated at the same background
pressure, but at that same background pressure, the values for F;, would be off by a factor of \/%
2
Regarding the second challenge, by changing m, at each pressure, the values for A, are different at each pressure.
In fact, in Ref. 5, m, varied by as much as 10% between the discharge conditions. Calculating each T* curve with Eq.
15 assumes that each point along that curve has the same nondimensional discharge condition, so a different A, at
each pressure would not allow using the nondimensional framework to analyze such data. Because of this, we will
mostly consider pressure studies that either purposefully maintained a constant 1, or where m, varied by less than
1% across the various pressures.

We do acknowledge that pressure studies at constant discharge current are useful for flight qualification testing,
especially in the case of HETs with a center-mounted cathode, which have shown to have an approximately constant
thrust at various pressures [3, 4, 6]. However, to isolate the effects of nondimensional facility effects on the discharge,
it is better to keep m, constant so that all the nondimensional discharge parameters are constant. It would be possible
to define an effective m, based on an approximation for the ingested flow rate, but it is known that ingested neutrals
do not undergo the same processes as neutrals injected through the anode.

As for the third challenge, the mechanism by which a study achieves an elevated background pressure can affect
the spatial distribution of the static and dynamic background pressure. If this spatial distribution varies significantly
across each pressure, then we would need to account for the nondimensional parameters that govern the spatial
distribution of the dynamic background pressure. The three mechanisms used to increase the background pressure are
reducing the number of active cryopumps, injecting excess propellant from somewhere in the chamber, and a
combination of the previous two methods. From the model in Ref. 46, if the number of active cryopumps is reduced,
this should change the ratio of the dynamic pressure to the static background, but we are not aware of this effect being
quantified. In addition, when injecting extra propellant to increase the background pressure, it is possible that the ratio
of the flow rate of the excess neutrals to the anode flow rate affects the spatial distribution of the dynamic pressure,
but we are also not aware of this effect being quantified. So, although we believe the mechanism used to achieve an
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elevated background pressure may affect the ratio of ingested flux to the thermal flux, this effect has not been
quantified. As a result, we will consider pressure studies, independent of which mechanism was used.

Lastly, regarding the fourth challenge of the implementation, because a reference temperature that scales with T,

. . . . T,
is typically not reported, rough estimates are needed to approximate how 7 W
atm

scales with the operating condition.

. T,
Such estimates for —%
Tatm

are necessary to accurately estimate how F, changes between discharge conditions. In the

range of discharge conditions that we will consider, accounting for a changing T, has a negligible effect on our

. U . [T . .
analysis. However, variations in - Y are important because F,~F; T—W, so if we to assume that T, is independent of
atm atm

the discharge condition and that Ty, is constant, then F; and F, would no longer be independent parameters.
E. Revised Methodology

To address the first challenge, we had to implement the following simplified analysis. We consider the various
nondimensional pressure parameters separately. We then assume that T is a function of only one of these
nondimensional parameters and plot T* against that nondimensional pressure parameter. We will then compare the
different plots to see if one nondimensional parameter is able to successfully reduce the dimensionality of the T*
curves at different discharge conditions. In addition, to be able to find common values for all the nondimensional
pressure parameters among the different discharge conditions, we need to interpolate between the reported thrust
values. The interpolation is done by assuming that the plot of thrust vs. Py is of the form T = A — B exp(—CPg).

Next, to address the second challenge, because there are so many existing pressure studies that were done at
constant discharge current, it is useful to consider how we can approximately correct for a varying m,. We would start
by constructing the T* as if 71, was constant. Denoting the mass flow rate at the reference condition as 0 and if we
assume that the thrust scales approximately with m, within a small range of i1, then the value of T* at m, should be

-0 -0
scaled by % Also, if we are plotting T* as a function of ;—B for different 73, then we should actually plot T* % asa

function of ;—E.

The first set of pressure studies we considered was the measurements in Ref. 1, which were done at various mass
flow rates and magnetic field strengths. Specifically, in Ref. 1, the discharge voltage was 300 V, the discharge current
was varied between 3 A and 15 A, and the background pressures were between 1 and 14 uTorr-Xe. We chose to only
analyze the conditions between 2.5 and 4.5 kW because, even though the pressure studies at each discharge power
were done at constant discharge current, at discharge powers between 2.5 and 4.5 kW, the change in mass flow rate at
different pressures was around 1%. We will construct two plots, one of T* as a function of F, and one of T* as a
function of Fg. These measurements were made on the SPT-140, and we estimate A; = 0.19 at 300 V and 15 A on the
SPT-140. The values for A, at the other anode flow rates can then be scaled according to the expression for A, in Table
6.

To illustrate how the Fy and F? values are selected for the SPT-140 data, we refer to Figs. 2 and 3. The range of
F? values that we can select from are those at which there is a corresponding thrust value for all the discharge
conditions; in Fig. 2, this results in a possible range of Fy values approximately between 0.004 and 0.035. While there
is no exact criterion for selecting Fy and FQ values, a rule of thumb should be to select values such that most of the
curves have a balanced number of values on either side of F{ and F2. For example, in Fig. 2, the selected value of F;
results in the 2.5 kW and 4.5 kW cases having the most unbalanced numbers of values on either side of Fy, with both
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cases having 3 values to the right of Fy and 6 values to the left of F. On the other hand, Fig. 3 shows that it is difficult
to select an ideal FY for the available data, as the unbalanced number of values on either side of F for the 2.5 kW and
4.5 kW cases are unavoidable if both cases are considered simultaneously.
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F, P“\\xmE;N.T\Vl/“mx..kn’rw Fp = Faexp (%})
. 1
Figure 2. Thrust versus F, = P BW””kD ”;’V 8’:;"1"‘3” Figure 3. Thrust versus Fg = F, exp (A_1) at
BYatmMa
at different anode flow rates at constant discharge different anode flow rates at constant discharge
voltage, corresponding to four different discharge voltage, corresponding to four different discharge
powers. The vertical line is at the selected value of powers. The vertical line is at the selected value of
0 _
FY = 0.013. Data adapted from Ref. 1. Fg = 0.8. Data adapted from Ref. 1.

The second set of pressure studies we considered was the measurements in Ref. 2, which were done at various
discharge voltages and anode flow rates. Specifically, in Ref. 2, the discharge voltage was varied between 300 V and
600 V, the anode mass flow rate was either 5.25 mg/s or 10.46 mg/s, and the background pressures were between 5
and 14 uTorr-Xe. To isolate the effect of the discharge voltage on T*, we will only consider the data at the low flow
rate and on the P5-A thruster. This data was obtained with a constant anode flow rate across the various background
pressures and discharge voltages. To analyze this data with the nondimensional framework, we will construct two
plots, one of T* as a function of F, and one of T* as a function of F,. The plots used to select Fy and F, are shown in
Figs. 4 and 5.

The last set of pressure studies we considered was the measurements in Ref. 3, which were done at various cathode
flow fractions, C;. Specifically, we will analyze the data in Ref. 3 that was done with an externally mounted cathode,
at a discharge voltage of 300 V, discharge current of 15 A, and background pressure between 5 and 20 uTorr-Xe. To
analyze this data with the nondimensional framework, we will construct two plots, one of T* as a function of F, and
one of T* as a function of Fy. However, the discharge current was kept constant in this study, and the anode flow rate
at each pressure was not reported. To correct for the change in m, and 1., we use the results in Ref. 4 conducted on
a similar HET and discharge condition and with an externally mounted cathode. They found a reduction in 1m, with

increased background pressure at a rate of approximately 1 _mgjs

——————. We then assume that Ref. 3 operated the H9 at
50 uTorr—Xe

15 mg/s to achieve 15 A on xenon. With these assumptions, we can approximately correct T* and Fy. The plots used
to select FY and F are shown in Figs. 6 and 7.
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from Ref. 3.

Regarding the uncertainty, for the thrust measurements in Ref. 1, we assumed an uncertainty of +2.6 mN, for the
thrust measurements in Ref. 2, we assumed an uncertainty of +1 mN, and for the thrust measurements in Ref. 3, we
assumed an uncertainty of +2%. Next, to quantify the uncertainty in T”, we used a simplified approach. Once the
reference value for say Fy is selected, the corresponding T° value is found via interpolation. We assume no uncertainty
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in the T° value but then include the above uncertainties in the thrust values when calculating T* = el In this manner,

our reported uncertainty in T* is a lower bound for the uncertainty.
IV. Similarity of HET Discharges

We can consider the nondimensional discharge to be defined by the discharge condition (A4, 4,, A3, A4, and C;),
the propellant (P, P,, and Pg), thruster geometry (T;, T,, and C,), thruster material (T3), and magnetic field topology
(Ag-A;,). Even in the case where non-Maxwellian effects and the induced magnetic field are non-negligible, Az, 4g,
and A, are not necessary to define the discharge. This is because a given set of A, A,, A3, A4, Ty, and T, is defined

m

by a single set of —2—, V, B,o, T, Lcns Wen, Dep, and the propellant, which also fully defines As, A¢, and A,. In
ch

WenD
addition, Ag is defined by the nondimensional magnetic field topology, Ag-A;,.

In this section, we will consider which HET operating conditions and designs can be considered dynamically
similar. That is, are there different combinations of mg, Vy, Byg, Ty, Lcn, Wep, and Dy, that produce the same 44, 4,,
As, Ay, Ty, and T,? This would be very useful for the scaling of HETs between discharge conditions and between
sizes, as dynamically similar discharges should have the same efficiencies and nondimensional plasma properties. In
addition, if two thrusters of different sizes are exactly similar, then the smaller thruster could be tested at lower
background pressures than the larger thruster. So, while exact similarity would be greatly beneficial to HET scaling,
it can also be useful for the study of pressure facility effects. We note that the inclusion of A5 in developing similarity
laws is a novel approach, which allows a similarity-based scaling of m,, V,;, and B,,,, which previously required an
additional constraint like current density. However, an important caveat the similarity laws developed in this section

Uegz _ 10Tgg

use the definitions in Table 6, which assume M = = 1, such that the presented similarity laws could be

Mo Ujo Va
made more accurate in future work with the combination of OD electron model of the HET discharge.

We will first present similarity laws for exact dynamic similarity between different thruster geometries. We will

then develop similarity laws for approximate dynamic similarity of different discharge conditions (ﬁ, Vi, Bro»

and T,,) on different thrusters. Lastly, we will develop similarity laws for approximate dynamic similarity between
discharge conditions with different propellants on the same thruster and on different thrusters. Each similarity law we
present assumes that a certain set of nondimensional parameters are the only ones that govern HET performance. For
alternative HET designs, new nondimensional parameters may need to be defined and may significantly impact HET
performance, and at significantly different operating conditions, different nondimensional parameters may become
more or less important. Consequently, the presented similarity laws likely do not apply across HET designs that require
different amounts of nondimensional parameters or across significantly different operating conditions.

Before proceeding, it is important to clarify the difference between exact similarity and approximate similarity.
The first cause of approximate similarity is that HETs typically do not control T,,, so we will not consider T, a
controllable discharge condition. Because T,, is not controllable, in most situations, we will need to pick one of 4,
A,, A3, and A, to not keep constant. We believe that A, should be the least significant among the four, so we define
one case of approximate similarity to be when A,, A,, and A5 are constant and A, is not constant. When A, is not held
constant, approximate similarity will not ensure that A5, A, and A, are constant.

In addition, because some HETs cool the channel walls [50] and most do not cool the channel walls, we will keep
the scaling relations in terms of T,,. In this manner, the presented relations are valid for all thermal designs of HETs.
Furthermore, whenever T,, changes, this introduces approximate similarity due to the nonlinearity of ionization rates
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of neutrals and of ions. First, as shown in Fig. 8, the nondimensional function of the ionization rate of neutrals, kj, ,
depends on the choice of T,q. As Ty, increases, k;, at temperatures less than T, (T, < 1) increases. As a result, even
if the axial profile of T, is the same across different conditions, the axial profiles of k;,, will be different. The exact
effect that this would have on the validity of dynamic similarity is unclear, but the nonlinearity of k;,, has another
important consequence; because k;, is nonlinear, the functional form of T, influences the scaling relations whenever

k;, is involved. For example, if T,, = Z—g, then the relative increase of k;, at different voltages will be different

compared to if T,y = Z—g. Because a higher fidelity approximation for T, is out of the scope of this work, whenever

k;,o is involved in the scaling relations, we leave the equations in terms of k;,,. Another important consequence of
the nonlinearity of k;, is that exact dynamic similarity is only possible if the propellant and nondimensional spatial
distributions of all dimensional plasma properties are kept constant. Interestingly, if such exact dynamic similarity is
possible, it would also ensure constant erosion rates across different conditions.

2.5

0.5F

Nondimensional Ionization Rate

0 0.5 1 1.5 2 2.5 3
Nondimensional Electron Temperature
Figure 8. Nondimensional ionization rate of xenon atom, k;,,, as
a function of nondimensional electron temperature, T, for

various T .

A.  Exact Similarity between Thruster Geometries

To keep a constant nondimensional spatial distribution of dimensional plasma properties to achieve exact dynamic

similarity, ﬁ, V4, Bro, and T, must be kept constant. It is then not a coincidence that HETs of different sizes tend
chPch

to have similar ﬁ, V4, and B,y. The question is then, as m, changes, how should the thruster geometry change to
chch

ensure exact dynamic similarity? From the constraint of 4,, L., must be constant to achieve dynamic similarity. From
the aspect ratio constraints, then W,, and D, must also be constant, such that if T; and T, are both considered
important, then two different HETs cannot be exactly similar.

m

However, HETs can achieve similar scaling (constant A;, A,, As, A4, and T, and constant —*—, V;, B,, and
ch

WcenD
T,,) according to Eq. 16 with a constant L., and nondimensional magnetic field topology if wall effects are negligible.
Equation 16 implies that HETs with negligible wall effects can scale in size at constant current density and thrust
density. What may seem like a caveat to the scalability of HETs with negligible wall effects is that as they scale up in
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. L
size, T, = WC"
ch

nondimensional radial electron momentum equation, Eq. 10. However, to keep a constant nondimensional magnetic

would decrease. On its own, a decreasing T; would influence the divergence efficiency through the

field, AgT, T, must be constant. Therefore, with a constant T,, AgT; will be constant in Eq. 10. As a more general
result, nondimensional radial effects are constant at different T; if T, and the nondimensional magnetic field are
constant.

ma"’ WchaDch~ ch- (16)

To understand when wall effects become negligible for annular HETs we can consider the nondimensional fluid
equations. In the continuity equations, as A; approaches zero, any ion that recombines at the wall will immediately be
ionized, such that wall recombination has a negligible effect on the continuity equations. Thus, wall effects should not
affect the mass utilization efficiency as A, approaches zero. However, it should be considered that as A; approaches
zero, ny, should also approach zero, which may reduce the dominance of neutral ionization in the neutral continuity
equation. In addition, in the electron energy equation, as A; approaches zero, electron energy losses due to ionization
will be the dominant form of electron energy losses, such that wall losses will have a negligible effect on the electron
energy dynamics. In the case of the energy dynamics, as n,, goes to zero, the ionization losses from the ionization of
ions will be the dominant energy loss mechanism. In terms of the energy efficiency, as A, approaches zero, inelastic
losses should dominate over wall losses, such that wall effects have a negligible influence on the energy efficiency. In
general, as A; approaches zero, collisional effects are expected to dominate over wall effects.

ur

. AchW e[V .
In terms of discharge parameters, A~ C'fk;h\/_d, such that A, approaches zero for large . While we are

Makiz 0 WenDch
not able to say at what point wall effects become negligible with increasing current density, we can qualitatively state
that as current density increases, wall effects should eventually have a decreased effect on the discharge, even though
the heat load on the channel walls increases. This is an interesting finding, as high current density operation of HETs
has received recent attention [50].

However, at high current densities the induced magnetic field should be non-negligible. Since the induced
magnetic field is mostly generated by the Hall current, it can be approximated as the magnetic field produced by a
finite-length solenoid. By changing T;, we would effectively be changing the aspect ratio of the finite solenoid, which
should change the nondimensional induced magnetic field. Whether these end effects would have a significant effect
on the discharge is unclear, but it may be something to consider when scaling high current density HETs. Lastly,
because of the finite curvature in the magnetic field, when the shape of nondimensional magnetic field lines is kept
constant by keeping AgT;T, constant, there is an avoidable change in the nondimensional shape of the lines
perpendicular to the magnetic field lines. Once again, while the effect of this on the discharge is unclear, its effect
should be considered when using the scaling suggested by Eq. 16. Nevertheless, if Eq. 16 with constant L, is used to
scale HETs to higher powers, the increase in T; should reduce wall losses. As a result, lower power HETs could provide
a lower bound for efficiency of higher power HET if Eq. 16 is used for scaling.

B. Comparison with Empirical Scaling

Empirical scaling laws indicate W, ~D.j, [51]. In addition, HETs generally operate in similar ranges of V;, B,
Tig

and . This results in a scaling similar to Eq. 16, but L.y, is strongly correlated to W, and D, in empirical data

WenDch

[51].

The 39" International Electric Propulsion Conference, Imperial College
London, London, United Kingdom 14-19 September 2025 Page 24

Copyright 2025 by the Electric Rocket Propulsion Society. All rights
reserved.

—— LONDON ——



These relationships result in A; and A, decreasing at higher powers while keeping A5 constant. So, while the
scaling does not produce similar thrusters, it has been suggested that as long as A, is below 1/3, the thruster should be
efficient [16], so a decrease in A; may be desirable; this is because a lower A; corresponds to a higher mass utilization.
The empirical scaling suggests that a similar criterion may exist for A,, which is already much less than 1 in typical
operating conditions. Consequently, while empirical HET scaling may not satisfy similarity, higher powers thrusters
should see improved performance, which is observed [52]. These points highlight that traditional HET scaling is not
as useful for scaling to low powers.

C.  Approximate Similarity Between Discharge Conditions

Regarding whether two discharge conditions on the same thruster (same T;, and T,) can be dynamically similar,
it is immediately clear that if three nondimensional parameters are important, then if one of m, Vy, or B, is changed,
then we are left with a system of three equations and two unknowns to determine how the other two parameters should
change in response. However, if we can change the thruster size while retaining geometric similarity (T; and T,), then
three nondimensional parameters are needed to determine how m,, V;, and B, should change to retain approximate
similarity. If we keep 44, 4,, 43, Ty, and T, constant, then for a given change in the size of the thruster,

B Lcn 3/2 3/4 T\411/4 LenyTw
mg~ TW sB‘r0~ 7Vd~ > (17)
kizo VLcnKizo kizo

where W, ~D.;,~L.,. The scaling relations in Eq. 17 are plotted in Fig. 9, assuming a T,, that scales according to the
thermal model in the appendix. At the reference condition for plotting Fig. 9, the thermal model predicts T, = 692 K
when e; = 0.3 and F = 1. Throughout this section, the relative ratio of a parameter is with respect to the reference
condition; for example, if the reference condition has a channel length of L and another condition has channel length
of 2L, then the relative ratio of the channel length for this other condition is 2. The ionization rates of xenon are
calculated using the cross-sections from Ref. 53 and assuming a Maxwellian electron speed distribution at an electron

temperature of Z—g. Figure 9 covers a factor of 100 in discharge power and shows the magnetic field strength should

g

decrease with thruster size while the voltage should increase with thruster size. In addition, Fig. 9 shows that -
chch

decreases as thruster size increases, suggesting that larger thrusters should operate at lower current densities. The
higher current density and significantly higher magnetic field strengths required for similarity on smaller thrusters
may introduce some practical challenges in implementing the scaling relations of Eq. 17. However, the possibility of
scaling to smaller thrusters is notable, even if its implementation is not straightforward. In addition, for a tenfold

/;—d) from Eq. 17 is 0.35. Lastly, at
1

the significantly increased current density for scaling to smaller thrusters suggested by Fig. 9, A; may become non-

g
(Wen+Den)?

Tig
m

increase in jet power (~ Vd), the relative ratio in thrust density (~
1

negligible, which would invalidate the similarity law given by Eq. 17.
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D.  Approximate Similarity between Propellants

Regarding the dynamic similarity of HET discharges of different propellants, we expect exact dynamic similarity
to be impossible because of the importance that P; is expected to have on anomalous transport and because of the
nonlinearity of the ionization rates. It is also impossible to keep both A; and A, P, constant, so a change in P, will
influence the electron energy dynamics. As such, it may prove that different propellants have different optimal values
of A;, A,, and A5 or even of thruster aspect ratios. However, it may still be useful to analyze the scaling relations
suggested by nondimensionalization. For similarity between propellants on the same thruster, three nondimensional
parameters need to be used to define how m,, V;, and B, should be changed with propellant, while for similarity
between propellants on two geometrically similar thrusters, four nondimensional parameters (or three and one
additional constraint) are needed to determine how m,, V;, B,o, and L., should change.

For different propellants, HET discharges on the same thruster are approximately similar (constant 4,, 4,, and
Ay)if

. T3/4 T 1/4 T 1/2
maNﬁ,Brcﬁ(z—w) anN(kz—w) , (18)

Kizo ™p kizo™p izo™Mp

Table 10 shows the scaling relations of Eq. 18 applied to krypton and argon assuming a T,, that scales according to

the thermal model in the appendix, with % being an approximation for the relative increase in discharge current. In
1

Table 10, the reference condition has a thruster wall temperature of 692 K. The ionization rates for krypton and argon

were calculated with the cross-sections form Ref. 53. Table 10 suggests that lighter noble gas propellants should be

operated at a higher current density, discharge voltage, and magnetic field strength to achieve similar discharge

conditions as heavier noble gas propellants. In addition, in terms of thrust (171, ’T:—d) when using Eq. 18, krypton would
P

have a relative ratio of 2.40 and argon would have a relative ratio of 8.22. Experiments typically observe that lighter
propellants achieve less thrust, but it is important to note that these experiments do not conserve nondimensional
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parameters when the HET operates with different propellants. The lower ionization rate and higher T,, for lighter
propellants requires a significant increase in mass flow rate to maintain a constant A;, which results in an increased
thrust for lighter propellants.

While similar operation between molecular and atomic propellants is unlikely because of the possibility of
dissociation, the scaling relations suggested by Eq. 18 may still be useful for molecular propellants. Also, this analysis
does not account for the possible effects of non-negligible ion magnetization on lighter propellants, but it may become
important to consider as Eq. 18 suggests a stronger magnetic field for lighter propellants. For example, one way to

. N A . A
account for ion magnetization is to keep 4, \/T;’ and A; constant between propellants since Ff corresponds to the
1 1

degree of ion magnetization. In addition, A, may become non-negligible for lighter propellants because of the higher
current densities required for similarity. Lastly, the high T,, for lighter propellants indicates that thermal management
techniques are necessary to apply the similarity law of Eq. 18 to lighter propellants.

Another useful consideration is how to scale the HET size to achieve approximately similar operation on different
propellants at the same current density; this will require adding another constraint in addition to three nondimensional
parameters. We choose to also keep A, constant due to its presence in the nondimensional fluid equations. The resultant
scaling to keep A;, Ay, A3, A4, T1, and T, constant is

. 3/2 1
mg~,/ mpTw/ > BO~W » Va~Ty, Lch~ki21,0\/ mpTwa (19)

and Dy, ~W,,~L.p,. Table 11 presents the scaling relations in Eq. 19 for krypton and argon assuming a T,, that scales
according to the thermal model in the appendix. This scaling indicates that even after redesigning a HET for different
propellants, the discharge voltage, magnetic field strength, current density, and wall temperature all increase for lighter
noble gas propellants. Regarding thrust density, krypton has a relative ratio of 2.75, and argon has a relative ratio of
10.19.

Compared to the scaling for propellants on the same thruster, for a redesigned thruster on lighter propellants, the
change in discharge voltage decreases, the change in magnetic field strength increases, the current density increases,
and the wall temperature increases. As with the results of Table 10, Table 11 also indicates that thermal management
techniques are necessary to apply Eq. 19 to lighter propellants. In addition, while the increased magnetic field on
smaller HETs may be difficult to implement, the higher voltages on the same thruster required for lighter propellants
may pose its own practical challenges. As a result, it is not immediately obvious whether it is more practical to redesign
a HET for different propellants or to simply operate different propellants on the same thruster at conditions that satisfy
Eq. 18. Lastly, we reiterate the caveat that the conclusions from Eq. 18 and 19 assume that the optimal set of values
for the nondimensional parameters is the same across different propellants.

Table 10. Relative ratio in discharge parameters = Table 11. Relative ratio in discharge parameters and

required for constant A, A;, A3, T{, and T, for = channel length required for constant A, A,, A3, A4, T,
different propellants on the same thruster. and T,for different propellants. Reference condition is

Reference condition is the same as in Fig. 9. same as in Fig. 9.
Mg g
Propellant  V, By "y Ty Propellant  Vj B, o Wenben Ty, Ley,
Kr 1.55 1.24 242 1.37 Kr 1.40 1.40 291 1.40 0.85
Ar 2.87 1.69 8.81 2.19 Ar 224 213 12.35 2.24 0.70
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V. Nondimensional Analysis of Existing Pressure Studies

In this section, we present our nondimensionalization of the results of existing pressure studies [1, 2, 3]. We will
find that certain nondimensional pressure parameters provide a better description of the normalized data. By
construction, in all the plots presented in this section, the different curves of T* overlap with T* = 1 at the reference
value of the nondimensional pressure parameter; this is not an indication of universality, and instead, the different
curves should be compared at values away from the reference values of the nondimensional parameters.

In Figs. 10 and 11, the various curves of T* diverge at values T* > 1, but when T" is plotted against Fy in Fig.
11, the curves align to within measurement uncertainty at values T* < 1. On the other hand, when T* is plotted against
F, in Fig. 10, the values of T* for 4.5 kW, diverge outside the uncertainty bounds for T* < 1. In addition, because of
the constant discharge voltage and cathode flow fraction among the discharge conditions in Figs. 10 and 11, F, is
proportional to F;, F,, and Fy. Because Fy makes the different curves of T* align more closely at low pressures, we
can conclude that Fy is more closely related to the dependence of T* on the anode flow rate than Fy, F,, F;, and Fy. As
a result, Fy; may be useful to reduce the dimensionality of pressure facility effects.
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Figure 10. Normalized thrust versus F, = Figure 11. Normalized thrust versus Fg =

PRW oD op /BT RET
B chZchyTTp7B°w  ovaluated at FO = 0.013 for

kpTatmma
different anode flow rates at constant discharge
voltage, corresponding to four different discharge
powers. Background pressures vary from 1 to 14

F, exp L) evaluated at FQ = 0.8 for different
Ay

anode flow rates at constant discharge voltage,
corresponding to four different discharge powers.
Background pressures vary from 1 to 14 pTorr-Xe.

pTorr-Xe. For readability, certain error bars are
omitted. Data adapted from Ref. 1.

For readability, certain error bars are omitted. Data
adapted from Ref. 1.

The relevance of Fy can be explained by the fact that Fg accounts for greater mass utilization at higher flow rates.
At a fixed effective pumping speed of the facility, this would increase the ratio of background neutral density to neutral
density near the channel exit. Meanwhile, at a fixed effective pumping of the facility F;, F,, F;, and Fy are constant
for a change in anode flow rate, so it is not surprising that these parameters do not accurately capture the effect of
anode flow rate on T™.
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However, although the divergence at T* > 1 is within the measurement uncertainty, Fig. 11 seems to indicate that
F¢ does not completely describe T* for large values of Fg. One possible reason for this is that, at the highest pressures
in Ref. 1, Fg = 0.025, indicating that at high background pressures, charge exchange collisions with background
neutrals can prevent a few percent of ions from being fully accelerated. Because Fg should eventually become
important at high pressures and Fg is important at low pressures, the dimensionality of pressure facility effects
increases at high background pressures. Additionally, while the ranges of F, values between the different discharge
powers are comparable in Fig. 10, Fig. 11 has a reduced range of Fy values for the lower discharge powers. To more
thoroughly study the divergence of at T*(Fy;) > 1, future pressure studies done at various anode flow rates should
accordingly increase the maximum background pressure for the lower anode flow rate cases.

Figure 12 shows that all the curves at different voltages align within measurement uncertainty, except for at 500
V at the lowest pressure. This indicates that F, is closely related to the dependence of T* on the discharge voltage.
However, because F, is proportional to F; ;, the physical explanation for the importance of F, is ambiguous. F, may

seem important because it captures the increase of ::LB with discharge voltage or due to an ingested neutral flux that is
io

dominated by neutrals with a bulk velocity equal to the ion exhaust velocity. We can at least conclude that F;; may also

be useful to reduce the dimensionality of pressure facility effects.

In addition, in Fig. 13, F, does not capture the change in T* at different voltages. At the constant cathode flow
fraction between the different discharge voltages in Fig. 13, F, is proportional to F;, Fg, and Fy. These nondimensional
pressure parameters do not have a strong dependence on discharge voltage, so it is expected that they are not able to
capture the dependence of T* on the discharge voltage.
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Next, due to measurement uncertainty, we cannot confidently conclude from Figs. 14 and 15, whether F, or Fy is
more important to capture the effect of the cathode flow fraction on T*. Fy is the only nondimensional pressure
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parameter that we have defined that depends on the cathode flow fraction, so we would expect that it is able to more
accurately capture the effect of the cathode flow fraction on T*. The fact that the various curves of T™* are all within
measurement uncertainty indicates that the cathode flow fraction does not strongly affect T*, at least within the ranges
of cathode flow fractions considered in Ref. 3.

This conclusion is in contrast to the conclusions in Ref. 3, which suggested that an increased cathode flow fraction
reduced pressure facility effects. This contrast can be explained through the Fy parameter. With a constant range of
background pressures considered, as the cathode flow fraction increases, the range of Fy considered decreases. Thus,
conditions with a higher cathode flow fraction traverse a smaller part of the T (Fy) curve and should correspondingly
see a smaller drop in thrust for a given change in background pressure. This effect is seen in Fig. 15. However, this
effect also limits the conclusions that we can make about the universality of T*(Fy) when T* > 1, since the curve for
the highest cathode flow fraction in Fig. 15 only has one point for which T* > 1. To study the universality of T*(Fy),
future pressure studies should accordingly increase the maximum background pressure for the high cathode flow
fraction cases.
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from Ref. 3.

A. Discussion

The cathode flow fraction example highlights the importance of viewing facility effects from a nondimensional
perspective. While it may seem that a certain parameter reduces facility effects, it may just change the location of the
experimental condition on the plot of T*, such that the same trends would be seen when comparing thrust values in a
VTF to those in space. However, if T* depends on the discharge condition, then the discharge condition or thruster
design could be manipulated to reduce facility effects.

Having presented a preliminary implementation of a nondimensional analysis of existing pressure studies, we
believe that higher fidelity models of pressure facility effects should be combined with the nondimensional framework
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presented here and with newly designed experiments. Even if such models do not account for charge-exchange effects
or electron transport effects, we believe that, at sufficiently low pressures, nondimensional models for ingestion and
cathode coupling should include all the nondimensional parameters of which T is a function.

Once such nondimensional parameters are defined, future experiments can be specially designed to take
advantage of the nondimensional framework. The main considerations for future experiments should be the challenges
outlined in Section III.D. First, to be able to compare multi-dimensional plots of T* across multiple discharge
conditions, the discharge conditions and pressure range must be carefully chosen such that all the discharge conditions
share a common set of the relevant nondimensional parameters. Second, for each discharge condition, the mass flow
rates should be kept constant with the different background pressures. Third, a temperature that is representative of
T,, should be measured to distinguish between F; and F,. Lastly, experiments should be performed to determine
whether the mechanism with which the background pressure is increased changes the ratio of the ingested flux to the
thermal flux. Furthermore, we note that this nondimensional framework can be easily extended to analyze the pressure
dependence of the discharge current and thruster lifetime.

In addition, there is a clear need to access the lower parts of the T* curve. However, doing so is not necessarily a

matter of operating at lower background pressures. ;—B is inversely proportional to the effective facility pumping speed,
a

so lower flow rates should not inherently result in smaller nondimensional pressure parameters that are relevant to T*.
Facilities with higher pumping speeds are clearly one solution to reaching lower parts of the T* curve. However, as
shown in Figs. 11, 12, and 15, lower anode flow rates, voltages, and cathode flow fractions could also be used to reach
lower parts of the T* curve.

Lastly, regarding the testing of high-power HETs, it is typically considered that newer facilities with higher

pumping speeds are needed to flight qualify them. High pumping speeds will allow operating at lower values of 2

and of background pressures, corresponding to lower values of F;, F,, F5, and Fg, which is clearly beneficial. However,
in current state-of-the-art vacuum chambers, F; and F, should not change much with discharge power, as they are

proportional to :;—B. So, if the current vacuum chambers are adequate for flight qualification of medium-power HETs,
a

they should be able to achieve adequate values of F; and F, for high-power HETs. The challenge for testing high-
power HETs in current facilities must then be due to high values of F3, Fg, and Fg, which are proportional to Pz and

not to ;—B. In fact, at sufficiently high background pressures, a HET may no longer run in its nominal mode due to high

values of F3, Fg, and Fy.

However, a medium-power HET that is exactly similar to a high-power HET would operate at lower background
pressures than the corresponding high-power HET. Therefore, operating a medium-power HET in current vacuum
chambers would be exactly similar to a high-power HET operating at values of Fy, F,, F3, Fg, and F;, that are adequate
for flight qualification. If a high-power HET is designed to be exactly similar to a medium-power HET that is already
flight qualified, then the extensive tests that are required for flight qualification of a new design may not be necessary.
Instead, it could just go through acceptance testing that is required for new thruster units of the same design.

Therefore, the required pumping speed of new facilities for the purpose of testing high-power HET should be
based on the requirements of acceptance testing. Such a requirement should be based on the ability during high-power
operation to achieve background pressures low enough such that F3, Fg, and F;, have a negligible contribution to T*
(and normalized discharge current too). This is because even if two thrusters are exactly similar but operate at different
flow rates, their corresponding 7" functions can only be the same in regions where F3, Fg, and F;, are negligible. This
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is since F3, Fg, and F; are proportional Py, while F; and F, are proportional to :1—3. So, at different flow rates, F;, F,,
a

F;, Fg, and F;, cannot all be equal. As a result, experiments should be conducted to identify at which pressure F;, Fg,
and F;, become negligible, as this pressure would define the required pumping speed for an acceptance test for a
thruster at a given flow rate.

For the acceptance test, the medium-power HET would also need to be tested in the high-pumping speed facility,
such that the medium-power HET is characterized with the same pumping speed as the high-power HET. Then, the
high-power HET can be tested at the same values of F; as the medium-power HET, such that both thrusters were
operated at the same point on the T* function, since T* is defined by F; when F;, Fg, and F;, are negligible and when
the two thrusters are exactly similar. So, if the high-power HET is correctly manufactured and the above conditions
are met, then its thrust should compare to the thrust of the medium-power HET according to the scaling law.

VI. Conclusion

The nondimensional framework has been used to propose new paths for improving our understanding of HET
scaling and of pressure facility effects. The presented HET similarity seems to be most useful for extending HET
performance to different propellants and possibly to lower powers. We have also found that the only way for an exact
similarity law to exist is if wall effects are negligible and that at a sufficiently high current density, wall effects should
become negligible for annular HETs of a given channel aspect ratio. Regarding facility effects, we have presented a
nondimensional framework to analyze pressure studies and have found that the framework can be used to reduce the
dimensionality of pressure facility effects at different discharge conditions.

In terms of future work on HET scaling, there are a few possible directions. First, our generalized similarity laws
can be combined with better models for how the electron temperature, electron density, and axial electron drift velocity
change with discharge condition to increase the accuracy of how V;, B,q, and m, should change with discharge
condition and how L, should change with propellant. Second, experiments should be carried out to test the presented
similarity laws; the most straightforward one to test is the similarity laws between different propellants on the same
thruster, as this does not require designing a new HET. Third, two HETs should be designed based on the similarity of
Eq. 16 to determine what current density is required to achieve similarity between the thrusters. Fourth, existing HET
efficiency data can be analyzed with a nondimensional framework to try to find the minimum set of nondimensional
parameters that describe efficiency trends over a wide range of conditions; identifying the nondimensional parameters
most relevant to HET performance could result in alternative similarity laws. Lastly, we believe that efforts should be
made to increase the efficiency and lifetime of wall-less HETs, as they would be able to achieve exact similarity at
any power level while maintaining constant thrust density and current density.

Development of efficient HET designs that can be scaled with exact similarity should reduce the pumping speed
requirements for qualification of high-power HETs. Once such an efficient design is developed, experiments can be
designed to establish the criterion for the background pressure at which the pressure facility effects are similar between
a medium-power and high-power HET. Before such an efficient design is developed, the nondimensional framework
can still be leveraged to experimentally determine a nondimensional correction for thrust as a function of pressure that
should be applicable to a wide variety of discharge conditions. As a result, the nondimensional framework can be of
use for scaling and facility effect work in the near future and should continue to be of use when HETs at new power
levels are developed.

Appendix
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The thermal model described below is adapted from Ref. 54. The characteristic thruster wall temperature is
obtained from the power balance of the characteristic power deposited into the channel wall, P,,,, and into the anode,
P,,o, from the plasma against the characteristic net power radiated from the thruster, Q,,.;,

Pyo + Pao = Qnet> A-1
where
Qnet = JSBERARF(T\:; - T:tm)a A-2
1
PWO = eAwFiWO (ZTew,O + ETew,O + (I)S)’ A-3
Py = ZTea,OId,O' A-4

@, is the potential drop across the sheath at the channel wall, %Tew,o is the presheath ion energy, T,q o is the
Va

characteristic electron temperature at the anode, and I, ¢ is the characteristic discharge current. Using Tpqq = To0°

Iyo = %, O =T,yoln ((1 — Osgg) /%), and A =7 (Lch(Wch + D) +§(Wch + Dch)z) along with the

previous definitions for characteristic plasma properties, we find that

T = T + —Sie . (B+2zfrm(n ) ])

- -
mpospERF ”(Lch(Wch+Dch)+E(Wch+Dch)2) 50 21Py

A-5

For all applications of this model, we will assume € =0.3 and F = 1.
Acknowledgements

Funding for this work was provided by NASA in part through the Joint Advanced Propulsion Institute (JANUS), a
NASA Space Technology Research Institute, under grant number 8ONSSC21K 1118, as well as in part through NASA
Space Technology Graduate Research Opportunity grants 80NSSC23K 1217 and SONSSC20K1224.

References

[1] Snyder JS, Lenguito G, Frieman JD et al. Effects of background pressure on SPT-140 Hall thruster performance. J Propuls
Power 36(5). 2020. https://doi.org/10.2514/1.B37702

[2] Walker MLR. Effects of facility backpressure on the performance and plume of a Hall thruster. PhD thesis, University of
Michigan. 2005.

[3] Cusson SE, Byrne M, Jorns B et al. Investigation into the use of cathode flow fraction to mitigate pressure-related facility effects
on a magnetically shielded Hall thruster. In: Proceedings of the Propulsion and Energy Forum (AIAA Paper 2019-4077). 2019.

[4] Hofer RR, Anderson JR. Finite pressure effects in magnetically shielded Hall thrusters. In: Proceedings of the 50" Joint
Propulsion Conference (AIAA Paper 2014-3709). 2014.

[5] Diamant KD, Liang R, Corey RL. The effect of background pressure on SPT-100 Hall thruster performance. In: Proceedings of
the 50% Joint Propulsion Conference (AIAA Paper 2014-3710). 2014.

The 39" International Electric Propulsion Conference, Imperial College
London, London, United Kingdom 14-19 September 2025 Page 33

Copyright 2025 by the Electric Rocket Propulsion Society. All rights
reserved.

—— LONDON ——



[6] Kamhawi H, Huang W, Haag T et al. Performance, facility pressure effects, and stability characterization tests of NASA’s Hall
effect rocket with magnetic shielding thruster. In: Proceedings of the 52" Joint Propulsion Conference (AIAA Paper 2016-4826).
2016.

[7] Smirnov A, Raitses Y, Fisch NJ. Experimental and theoretical studies of cylindrical Hall thrusters. Phys Plasmas 14: 057106.
2007. https://doi.org/10.1063/1.2718522

[8] Mazouffre S, Tsikata S, Vaudolon J. Development and experimental characterization of a wall-less Hall thruster. J Appl Phys
116: 243302. 2014. https://doi.org/10.1063/1.4904965

[9] Karadag B, Cho S, Funaki I. Thrust performance, propellant utilization, and thruster erosion of an external discharge plasma
thruster. J Appl Phys 123: 153302. 2018. https://doi.org/10.1063/1.5023829

[10] Simmonds J, Raitses Y. Ion acceleration in a wall-less Hall thruster. J Appl Phys 130: 093302. 2021.
https://doi.org/10.1063/5.0062607

[11] Hall SJ, Jorns BA, Cusson SE et al. Performance and high-speed characterization of a 100-kW nest Hall thruster. J Propuls
Power 38(1). 2021. https://doi.org/10.2514/1.B38080

[12] Szabo J, Pote B, Paintal S et al. Performance evaluation of an iodine-vapor Hall thruster. J Propuls Power 28(4). 2012.
https://doi.org/10.2514/1.B34291

[13] Szabo J, Robin M, Hruby V. Bismuth vapor Hall effect thruster performance and plume experiments. In: Proceedings of the
35t International Electric Propulsion Conference (IEPC Paper 2017-25). 2017.

[14] Munro-O’Brien TF, Ryan CN. Performance of a low power Hall effect thruster with several gaseous propellants. Acta
Astronaut 206: 257-273. 2023. https://doi.org/10.1016/].actaastro.2023.01.033

[15] Tirila V-G, Demaire A, Ryan CN. Review of alternative propellants in Hall thrusters. Acta Astronaut 212: 284-306. 2023.
https://doi.org/10.1016/j.actaastro.2023.07.047

[16] Morozov Al, Savelyev VV. Fundamentals of Stationary Plasma Thruster Theory. In: Reviews of Plasma Physics. Springer. pp
203-391. 2000. https://doi.org/10.1007/978-1-4615-4309-1 2

[17] Khayms V, Martinez-Sanchez M. Design of a miniaturized Hall thruster for microsatellites. In: Proceedings of the 32" Joint
Propulsion Conference (AIAA Paper 96-3291). 1996.

[18] Ashkenazy J, Raitses Y, Appelbaum G. Low power scaling of Hall thrusters. In: Proceedings of the 2" European Spacecraft
Propulsion Conference. 1997.

[19] Hruby V, Monheiser J, Pote B et al. Development of low power Hall thrusters. In: Proceedings of the 30™ Plasmadynamics
and Lasers Conference (AIAA Paper 99-3534). 1999.

[20] Dannenmayer K, Mazouffre S. Elementary Scaling Relations for Hall effect Thrusters. J Propuls Power 27(1). 2011.
https://doi.org/10.2514/1.48382

[21] Shagayda AA, Gorshkov OA. Hall-thruster scaling laws. J Propuls Power 29(2). 2013. https://doi.org/10.2514/1.B34650

[22] Fu Y, Wang H, Wang X. Similarity theory and scaling laws for low-temperature plasma discharges: a comprehensive review.
Rev Mod Plasma Phys 7, 10. 2023. https://doi.org/10.1007/s41614-022-00112-1

[23] Zhao Z, Wang Z, Duan Z, Fu Y. Dynamic similarity of streamer propagation in geometrically similar combined air gaps. IEEE
Trans Dielectr Electr Insul 32(2): 1017-1026. 2025. https://doi.org/10.1109/TDEIL.2024.3457594

[24] Yang D, Verboncoeur JP, Fu Y. Demonstration of similarity laws and scaling networks for radio-frequency plasmas. Phys Rev
Lett 134, 045301. 2025. https://doi.org/10.1103/PhysRevLett.134.045301

The 39" International Electric Propulsion Conference, Imperial College
London, London, United Kingdom 14-19 September 2025 Page 34

Copyright 2025 by the Electric Rocket Propulsion Society. All rights
reserved.

— LONDON ——




[25] Cusson S. Impact of neutral density on the operation of high-power magnetically shielded Hall thrusters. PhD thesis, University
of Michigan. 2019.

[26] Tighe WG, Spektor R, Diamant KD, Kamhawi H. Effects of background pressure on the NASA 173M Hall current thruster
performance. Proceedings of the 34 International Electric Propulsion Conference (IEPC Paper 2015-152). 2015.

[27] Piragino A, Faraji F, Reza M, Ferrato E, Praino A, Andreussi T. Background pressure effects on the performance of a 20 kW
magnetically  shielded Hall thruster operating in  various configurations. Aerospace 8, 69. 2021.
https://doi.org/10.3390/aerospace8030069

[28] Hirakawa M, Arakawa Y. Particle simulation of plasma phenomena in Hall thrusters. In: Proceedings of the 24 International
Electric Propulsion Conference (IEPC Paper 95-164). 1995.

[29] Donko Z. Apparent second-electron emission coefficient and the voltage-current characteristics of argon glow discharges.
Phys Rev E 64, 026401. 2001. https://doi.org/10.1103/PhysRevE.64.026401

[30] Hirabayashi K, Hoshino M, Amano T. A new framework for magnetohydrodynamic simulations with anisotropic pressure. J
Comput Phys 327 : 851-872. 2016. https://doi.org/10.1016/].jcp.2016.09.064

[31] Cavalier J, Lemoine N, Bonhomme G et al. Hall thruster plasma fluctuations identified as the ExB electron instability,
Modeling and fitting on experimental data. Phys Plasmas 20: 082107. 2013. https://doi.org/10.1063/1.4817743

[32] Villafana W, Cuenot B, Vermorel O. 3D particle-in-cell study of the electron drift instability in a Hall thruster using
unstructured grids. Phys Plasmas 30: 033503. 2023. https://doi.org/10.1063/5.0133963

[33] Barral S, Makowski K, Peradzynski Z et al. Wall material effects in stationary plasma thrusters. II. Near-wall and in-wall
conductivity. Phys Plasmas 10: 4137-4152. 2003. https://doi.org/10.1063/1.1611881

[34] Hara K, Sekerak MJ, Boyd ID et al. Mode transition of a Hall thruster discharge plasma. J Appl Phys 115: 203304. 2014.
https://doi.org/10.1063/1.4879896

[35] Dominguez-Vazquez A, Taccogna F, Ahedo E. Particle modeling of radial electron dynamics in a controlled discharge of a
Hall thruster. Plasma Sources Sci Technol 27(6): 064006. 2018. https://doi.org/10.1088/1361-6595/aac968

[36] Poli D, Fajardo P, Ahedo E. A non-neutral 1D fluid model of Hall thruster discharges: full electron inertia and anode sheath
reversal. Plasma Sources Sci Technol 33(7): 075014. 2024. https://doi.org/10.1088/1361-6595/ad6500

[37] Goebel DM, Katz I, Mikellides IG. Fundamentals of Electric Propulsion. Wiley. 2023.

[38] Achenbach C, Muller A, Salzborn E et al. Single ionization of multiply charged xenon ions by electron impact. J Phys B 17(7):
1405. 1984. https://doi.org/10.1088/0022-3700/17/7/023

[39] Goebel DM, Hofer RR, Mikellides IG et al. Conducting wall Hall thrusters. IEEE Trans Plasma Sci 43(1): 118-126. 2015.
https://doi.org/10.1109/TPS.2014.2321110

[40] Grimaud L, Mazouffre S. Conducting wall Hall thrusters in magnetic shielding and standard configurations. J Appl Phys 122:
033305. 2017. https:/doi.org/10.1063/1.4995285

[41] Ahedo E, Gallardo JM, Martinez-Sanchez M. Model of the plasma discharge in a Hall thruster with heat conduction. Phys
Plasmas 9: 4061-4070. 2002. https://doi.org/10.1063/1.1499496

[42] Hara K, Tsikata S. Cross-field electron diffusion due to the coupling of drift-driven microinstabilities. Phys Rev E 102: 023202.
2020. https://doi.org/10.1103/PhysRevE.102.023202

[43] Jovel DR. Impedance characterization of a Hall effect thruster discharge in a ground-based vacuum test facility. PhD thesis,
Georgia Institute of Technology. 2023.

The 39" International Electric Propulsion Conference, Imperial College
London, London, United Kingdom 14-19 September 2025 Page 35

Copyright 2025 by the Electric Rocket Propulsion Society. All rights
reserved.

— LONDON ——




[44] Spektor R. Analytical pumping speed models for electric propulsion vacuum facilities. J Propuls Power 37(3). 2020.
https://doi.org/10.2514/1.B37998

[45] Brown DL, Walker MLR, Szabo J, et al. Recommended practice for use of Faraday probes in electric propulsion testing. J
Propuls Power 33(3). 2017. https://doi.org/10.2514/1.B35696

[46] Frieman JD, Liu TM, Walker MLR. Background flow model of Hall thruster neutral ingestion. J Propuls Power. 2017 33(5).
https://doi.org/10.2514/1.B36269

[47] Mikellides IG, Lopez Ortega A, Chaplin VH, et al. Facility pressure effects on a Hall thruster with an external cathode, II:
theoretical model of the thrust and the significance of azimuthal symmetries in the cathode plasma. Plasma Sources Sci Technol
29(3): 035010. 2020. https://doi.org/10.1088/1361-6595/ab6c7f

[48] Cusson SE, Jorns B, Gallimore A. Simple model for cathode coupling voltage versus background pressure in a Hall thruster.
In: Proceedings of the 53" Joint Propulsion Conference (AIAA Paper 2017-4889). 2017.

[49] Crofton MW, Dale ET, Thuppul A. Electric thruster ingestion and background propellant density measurements. In:
Proceedings of the 38" International Electric Propulsion Conference (IEPC Paper 2024-367). 2024.

[50] Su LL, Roberts PJ, Gill TM et al. High-current density performance of a magnetically shielded Hall thruster. J Propuls Power
40(5). 2024. https://doi.org/10.2514/1.B39324

[51] Marianacci A, Mazouffre S. Supervised machine learning-based Hall thruster scaling. J Electr Propuls 3: 14. 2014.
https://doi.org/10.1007/s44205-024-00077-y

[52] Giammarinaro G, Marconcini F, Becatti G. A scaling methodology for high-power magnetically shielded Hall thruster. J Electr
Propuls 2: 17. 2023. https://doi.org/10.1007/s44205-023-00049-8

[53] Rejoub R, Lindsay BG, Stebbings RF. Determination of the absolute partial and total cross sections for electron-impact
ionization of the rare gases. Phys Rev A 65: 042713. 2002. https://doi.org/10.1103/PhysRevA.65.042713

[54] Conversano RW, Goebel DM, Hofer RR, Matlock TS, Wirz RE. Development and initial testing of a magnetically shielded
miniature Hall thruster. IEEE Trans Plasma Sci 43(1): 103-117. 2015. https://doi.org/10.1109/TPS.2014.2321107

The 39" International Electric Propulsion Conference, Imperial College
London, London, United Kingdom 14-19 September 2025 Page 36

Copyright 2025 by the Electric Rocket Propulsion Society. All rights
reserved.

— LONDON ——




